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What is GeoGebra?

•Hohenwarter, M. (2002). “Ein So5waresystem für
dynamische Geometrie und Algebra der Ebene”.
Master’s thesis. Salzburg University.

•GeoGebra is dynamic mathemaHcs so5ware for all
levels of educaHon that brings together geometry,
algebra, spreadsheets, graphing, staHsHcs and
calculus in one easy-to-use package.

• In 2013, Bernard Parisse's Giac was integrated into
GeoGebra's CAS view.
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Augmented reality
https://www.facebook.com/geogebra/videos/10155662725038232/
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§ Free/Open source software
§ (40) Millions of users worldwide, +1 million resources
§ Intense collaboration research project /GeoGebra for the 

development of automated augmented reality, derivation, 
proof, discovery tools. 

§ Geogebra as an EPO (Ente Promotor Observador)



GeoGebra ART: Automated reasoning tools

•Automated derivation

•Automated proving

•Automated Discovery

•Locus: mover-tracer, boolean, envelopes, etc.
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• Abánades, M.; Botana, F.; Kovács, Z.; Recio, T.; Sólyom-
Gecse,C.: Development of automatic reasoning tools in 
GeoGebra. Software Demo Award at ISSAC 2016.  ACM 
Communications in Computer Algebra. Volume 50 Issue 3, 
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• Kovács, Z.;  Recio, T.; Vélez, M.P. : Using Automated 
Reasoning Tools in GeoGebra in the Teaching and Learning of 
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Verify: numerically and formally



• DERIVATION
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• DERIVATION
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• PROVE
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• DISCOVERY
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• DISCOVERY 
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• DISCOVERY 
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Discover H for T, even when it is impossible!!

24



25



Recio, T. and Vélez, M.P.: Automatic
Discovery of Theorems in Elementary
Geometry. Journal of Automated
Reasoning 23, 63-82 (1999)
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•H =>  T is generally true if the thesis T vanishes 
on all non-degenerate K-components of the 
hypotheses variety V(H).

•H =>T is generally false if the thesis T vanishes 
on none of the non-degenerate K-components 
of the hypotheses variety V(H).
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Elimination of  
(H,T)

Elimination of 
(H, T*z-1)

not gen.true and not
gen. false (0) (0)

generally true (and, 
thus, not generally

false)
(0) Not(0)

generally false (and, 
thus,  not generally

true)
Not(0) (0)

Behind the scene
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The importance of being zero. C. Villarino, R. 
Sendra, T.R. ACM. Proceedings ISSAC 2018. ISBN 
978-1-4503-5550-6/18/07. pp. 327-333

Breiding, P.; Kališnik Verovšek, S.; Sturmfels, B.;
Weinstein M.: Learning algebraic varieties from
samples. Revista Matematica Complutense,
31 (2018) 3, p. 545-593

•We establish a procedure for deciding, with a 
finite number of tests,  given a polynomial ideal 
(of hypotheses and [negated] theses), whether
the result of eliminating in the ideal some
variables, yields the zero ideal or not.
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Proof by exhaustion, also known as proof by
cases… is a method …in which the statement to 
be proved is split into a finite number of cases 
and each case is checked to see if the
proposition in question holds (Wikipedia)

Example: sum of first n natural numbers S(n).
Assume S(n) polynomial, degree at most 2.

n=0, n=1, n=2, n(n+1)/2 
(C. McBride, Calculemus 2012, notes by JHD)
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Intersec(on of three heights

•Given a triangle (0,0), (1,0), (r, s), each height
equation is linear in (x, y) with coeffs. linear in (r, s)

•The intersection of the three heights is the
vanishing of a 3x3 determinant, with linear entries
in (r,s). 

•Given a cubic curve in (r,s),  it is identically zero iff it
passes through a certain number of suitable
distributed points in the (r, s) plane.
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General procedure:

•We assume that we only know some very limited 
data: number of variables and an upper bound for 
the geometric degree (in the sense of Heintz) 
gdeg(V(I)).

•And we want to accomplish the zero test just by 
means of an oracle that allows us to check,
given a point in K^r, whether this point is or not     
in V(I).
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The elimination is not zero
iff

its zero set is contained in a hypersurface of 
degree bounded by D 

iff
the projection is contained in a hypersurface of 
degree bounded by D 

iff
the statement is generally true. 

Similarly, for the generally false case.
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Definition (TEST SET):  A finite subset A of K^r is a 
TEST SET for the varieties of geometric degree less or 
equal than d with d > 0, (shortly a (d; r)-test set), if 
no proper variety W of K^r of gdeg(W) ≤ d contains 
A.

Supp(d; r) is a (d; r)-test set of minimum cardinality.
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d=2,   6 points
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d=3, 10
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•Definition. Let d;,r, and N = #(Supp(d; r)). 
We say that a finite set A, with #(A)≥N, 
is a (d; r)-disjunctive test set if any 
subset of A of cardinal N is a (d; r)-test 
set.

•The motivation of this notion is the 
following. Assume that A is disjunctive 
and #(A)  ≥ 2N - 1 and B subset of A, 
then either B or A \ B is a (d; r)-test set.
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Procedure

•Calculate an upper bound d  for the
degree of the zero set of hypotheses and 
negated thesis.
• Create a (d; r)-disjunctive test set of 2N-1 
points A with and N = #(Supp(d; r)), on
the affine space of independent variables 
and test for each point of this collection if
it is contained in the projection.

•B=do not lift up
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• Indeed, if #(B) ≥ N, the statement holds by 
the definition of disjunctive test set and 
bound on deg. of bad set.

• Else, #(A \ B) ≥ N, and thus A\ B is a (d; r)-
test set. and 

•If so, then the projection is the whole space
and the elimination ideal is zero.

•Else, the projection is obviously not the
whole space and thus the elimination is not
the zero ideal.

44



•Precision for checking numerically each
instance
•Possibility to do it symbolically in 
GeoGebra
•Yet, “minor” episthemological obstacle. 
What if our paper / pencil proof is wrong? 
What if our computer has a bug?
•At least, different kind of obstacle from
“probabilistic” checking.
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• https://prover-test.geogebra.org/job/GeoGebra-
provertest/870/artifact/test/scripts/benchmark/prover/html/all.html

• http://test.geogebra.org/~kovzol/data/Prove-20150219b/
• http://prover-test.geogebra.org/~kovzol/prover-20190206/README
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http://ggb1.idm.jku.at/~kovzol/data/prove-provedetails-20140120/README
http://ggb1.idm.jku.at/~kovzol/data/prove-provedetails-20140120/README
http://prover-test.geogebra.org/~kovzol/prover-20190206/README
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•T. Recio and M.P. Velez (1999). Automa9c
Discovery of Theorems in Elementary
Geometry. Journal of Automated Reasoning 23, 
63-82
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•J. Zhou, D. Wang and Y. Sun (2017). Automated 
reducible geometric theorem proving and 
discovery by Gröbner basis method. Journal of 
Automated Reasoning 59(3), 331-344
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Kóvacs, Z.; Recio, T.; Vélez, M.P.: 
Detecting truth, just on parts. 
Revista Matemática Complutense. To 
appear.  https://doi.org/10.1007/s13163-
018-0286-1
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•Manuel Ladra and M.Pilar Páez-
Guillán, Tomás Recio. “Dealing with 
negative conditions in automated 
proving: tools and challenges (The 
unexpected consequences of 
Rabinowitsch’s trick)” (submitted)
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AG=Automated Geometer

Botana F., Kovács Z., Recio T. (2018): Towards an
Automated Geometer. In: Fleuriot J., Wang D., Calmet J. 
(eds) Artificial Intelligence and Symbolic Computation. 
AISC 2018. Lecture Notes in Computer Science, vol 11110. 
Springer, Cham. pp 215-220.
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http://www.math.rutgers.edu/~zeilberg/PG/gt.ht
ml
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September 21, 2050
Dear Children,

Do you know that un3l fi5y years ago most of mathema3cs was done by 
humans? Even more strangely, they used human language to state and 
prove mathema3cal theorems. Even when they started to use computers to 
prove theorems, they always translated the proof into the imprecise human 
language, because, ironically, computer proofs were considered of 
ques3onable rigor!

…

All the theorems that were known to our grandparents, and most of what 
they called conjectures, can now be proved in a few nano-seconds on any 
PC. 

…

All the theorems in this textbook were automa3cally discovered (and of 
course proved) by computer. The discovery program started with 3 generic 
points in the plane, and itera3vely constructed new points, lines, and circles 
using a few primi3ves. Whenever a new point (or line, or circle, or 
whatever) coincided with an old one, a "theorem" was born. ..
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•http://prover-
test.geogebra.org/~kovzol/ag/auto
mated-geometer.html

•http://prover-
test.geogebra.org/~kovzol/ag/auto
mated-geometer.html?offline=1

•

66
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Augmented reality (to explore math objects in a 
real world context)
https://www.facebook.com/geogebra/videos/10155662725038232/
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https://www.facebook.com/geogebra/videos/10155662725038232/


A new scenery 

§Real world (Smart phones, robotic vision, sensors) –
mathematical layer

1) Pre-processed, associated by geo-possitioning, 
markers;
2) Measures {image — Hough transform –
recognizing geometric elements } — input 
GeoGebra – systematic and automatic derivation of 
geometric properties — generalizing, proving, 
discovering;

• Automatically augmented geometric reality
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Imaginary detection of reality with an internal representation of a parquet floor being
photographed  by a smartphone and translated into GeoGebra
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• Recio, T., Richard, P., Vélez, M.P. Designing tasks supported 
by GeoGebra Automated Reasoning Tools for the 
development of mathemaCcal skills. InternaConal Journal of 
Technology in MathemaCcs EducaCon. (to appear)

• Hohenwarter, M., Kovács, Z., Recio, T.: Using GeoGebra 
Automated Reasoning Tools to explore geometric statements 
and conjectures. In: Proof Technology in MathemaCcs 
Research and Teaching, Eds: Hanna, G. , de Villiers, M., Reid, 
D. Springer. (to appear).

• Botana, F.; Kovács, Z.; MarVnez-Sevilla, A.; Recio, T.: 
AutomaCcally Augmented Reality with GeoGebra. In: 
Augmented reality in educaConal seXngs. Leiden, (The 
Netherlands): Brill|Sense. (to appear).
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