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1 Introduction

Dynamic evaluation is a general method for computing with parameters [6, 9]. In 1994,
T. Gémez-Diaz implemented the dynamic constructible closure in the scientific computation
system Axiom [17]: by simulating dynamic evaluation, it offers the possibility to compute
with parameters in a very large way [13]. The outputs of a calculs with T. Gémez-Diaz
programs are represented by a finite collection of constructible triangular systems defined in
[12, definition p.106]. Though there are numerous applications of these programs (notably
polynomial system solving with parameters [11], automatic geometric theorem proving [14,
15], computation of Jordan forms with parameters [16]), nobody gives theorical interest
to this kind of triangular systems. The main reason of this phenomenon is that they are
definied in [12] within the dynamic evaluation context. On the opposite, most notions of
triangular systems (J.F. Ritt-W.T. Wu characteristic sets [24, 28], M. Kalkbrener regular
chains [18], D. Lazard triangular sets [20], M. Moreno Maza regular sets [22], D.M. Wang
simple systems [26, 27]) are definied in terms of commutative algebra. This problem is at
the origin of the work done in [7] where we give a relevant algebraic model of T. Gémez-
Diaz systems within commutative algebra terminology. This allows us to relate them to
many concepts of triangular systems [7]. Thus, we give interest to the connections with
D. Lazard triangular sets in [8]. In a way, this paper is the continuation of this previous
work. This time, we study relationships between T. Gémez-Diaz systems and D.M. Wang
simple systems. The paper is structured as follows. We have collected in section 2 some
needed notations. In section 3, we give all the terminology related to our algebraic model of
T. Gémez-Diaz systems. Thus, we define the notion of weak constructible triangular systems
and introduce the properties of normalization and squarefreeness. Section 4 is more detailed.
First of all, we study a weaker form of normalization called L-normalization. Then we give
many properties of constructible triangular systems verifying this new notion. We obtain an
algebraic and geometric framework which permits, in section 5, to explore the connections
between T. Gémez-Diaz systems and D.M. Wang simple systems. In particular, this last
section will demonstrate well the importance of our L-normalization property. Indeed, we
show that simple systems and squarefree L-normalized constructible triangular systems are
equivalent.



2 Preliminaries

Given a commutative ring A with identity and an ideal Z of A, the residue class ring of A by
7 and the set of units of A are respectively denoted by é and A*. characteristic zero. We
set Py = Ky. Let n be a positive integer. We denote respectively by Z, and Z the sets
{0,...,n} and {1,...,n}. Then for all i € Z;, we define:

P, = KoX1,...,X,].

Moreover, for all « € ZZ and for all f € P, — P;_1, we use the following terminology (nearly
the one adopted by D. Lazard in [20]):

e the main variable of f is X;,

e the index of f (ind(f)) is 1,

the degree of f (deg(f)) is its degree in X,

the leading coefficient of f (lc(f)) is the coefficient of Xideg(f) in P_1[X;],

the discriminant of f (Discx,(f)) is the resultant of the polynomials f and 8‘9)1([2, with
respect to Xj;.

Working with triangular systems gives rise to consider the following kind of ideal of polyno-
mials (see the beginning of [2, section 2.3] for more references).

Definition 2.1 [5, exercise 8 p.196] Let I C P, be an ideal and fiz f € P,. Then the
saturation of I with respect to f is the ideal of Py:

I:f*={geP,:f"g el for somem > 0}.

Let A, B be two commutative rings with identity and ¢ : A — B a ring-homomorphism.
Then by o[T] we mean the ring homorphism defined by:

T
Ar T g
Z aT' =Y o(a)T"
i=0 i=0
Moreover, if ¢ is one-to-one, we note:
AC 7 =B,
and if o is surjective, we note:
A T=B.

From now on, the words ring and homomorphism mean respectively commutative ring with
identity and ring homomorphism.

Let {ai}rer be a finite set of elements of A and Z, S, respectively the ideal and the multi-
plicative set of A generated by the ay (k € I). We write Z = (ag)ker and S =< ag =ger -



Moreover, given a multiplicative set T of A, we denote respectively by Sa#(T) and T~!A the
saturation of T' [1, exercise 7 p.44] and the ring of fractions of A with respect to T'. Given
a € A, we write A, the ring T 'AwithT =<a > .

Finally, we set K{ to be an algebraic closure of K(. Given an ideal J of P,,, we write V()
the affine variety of I?g definied by J. By extension, given a polynomial g € P,, we denote
by V(g) the affine variety definied by the ideal (g) of P,. For all subset W of K&, we write
W the Zariski closure of W [5, definition 2 p.192].

3 Squarefree normalized constructible triangular systems

In [7], we build a relevant algebraic model of the triangular systems involved in the dynamic
constructible closure programs: it is the concept of squarefree normalized constructible tri-
angular systems. This section introduces all the terminology related to these systems and
gives one of their properties (very important for the rest of this paper) without the squarefree
hypothesis.

Definition 3.1 Let n be a positive integer and E be a subset of ZZ}. A weak constructible
triangular system in P, is a set {g;&; 0}jepur verifying for all j € EUF':

1. the polynomial g; belongs to P; with index j,
2. & is the symbol “=7" or the symbol “#” according as j € E or j € F.

Remark. Let {g;&;0}jepur be a weak constructible triangular system in P,. One can
easily check that F and F are two disjoint subsets of Z. We write then F Ll F' the disjoint
union of K and F.

Definition 3.2 Let {g;&;0}jceur be a weak constructible triangular system in P,. We
set Ly = Ko and we denote by Vg the identity homomorphism of Lg. For all i € 7}, we
recursively define a ring L; and a homomorphism V; : P; — L; in the following way:

o ifigd E U F, we set:
Li = Lz—l[Xz] and \I/Z = \I}’i—l[X’i]v

o ifi € F, we set:
where injr, is the canonical homomorphism:

njr,

Lz‘—l[Xi] — (Li—l[Xi])‘I/i—1[Xi](9i)
f = 1 ?
o ifi € E, we set:
L; 1]X;
L = i-1[Xi] and U; = mp, o ¥;_1[X],

(¥i—1[Xil(9:))

: . Li—1[Xi]
where my,, 1s the projection of L;—1|X;| over ’ .
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Example.  Let us study the unit circle example. Let Kg = Ly = Q and go be the polynomial
X2 4+ X2 —1 of P,. We consider the system {go = 0}. It is obviously a weak constructible
triangular system in P5. Then we can construct the rings L; (i = 1,2) associated with this
system. By definition, since E = {2} and F = (), we have:

L X Xy, X
Ly = Lo[X1] = Q[Xy] and Ly = @MQL é];#» - <X§[+ §§ f]JH

where ¥ is the identity homomorphism of Q[Xy].

Notation. Let {g;&;0}jerur be a weak constructible triangular system in P,. For all
i € 7T, we write E; = ENZ and F; = F N Z.. Furthermore, we set Go = {1} and for all
i € Z;, we define a multiplicative set G; of P; by:

G; == gk =keF, -

Definition 3.3 A normalized constructible triangular system in P, is a weak constructible
triangular system {g; £;0}jcpur in P, such that for all j € E U F:

le(gy) € Sat(Gj-1).
Example.  Consider the weak constructible triangular system in Py with Ko = Q:

ggz(Xng—l)Xg—l—XQ:O
T=X go=X1X2—-X5#0
g =X{-X1#0

By definition, the sets G; and Gy are respectively equal to < X? — X7 = and < X7 —
X1,X1 X2 — Xy =. Then we have obviously that lc(g2) = X1 € Sat(Gy) and lc(g3) =
X1 X9 — 1€ Sat(Gy). Thus T is a normalized constructible triangular system in Ps.

The most important property of normalized constructible triangular systems (next section
will demonstrate this) is given by the following proposition.

Proposition 3.1 [7, proposition 1.2.2 p.43] Let {g; £; 0}jepuF be a normalized constructible
triangular system in P,. Then for all i € ZL;} and for all g € Sat(G;):

Wi(g) € L}.

Proof. By induction on i. The main ingredient of the proof is that, since the leading
coefficients of the g; belong to Sat(G;_1) (j € E; U F;), the homomorphism V¥, preserves
identity.o

Definition 3.4 A squarefree normalized constructible triangular system in P, is a normal-
ized constructible triangular system {g;&; 0}jcpur in P, such that for all j € E U F:

Discx,(g5) € Lj_;.

Example.  Consider again the system T of example 3. Is it squarefree ? The discriminant
of g3 is equal to 4 X5 (X1 X2 — 1)? and so we have:

1 .
4% Discx,(g3) = g5.



Therefore it belongs to Sat(G2). The discriminant of gy is equal to —X; and so satisfies the
equality:
—(X1 — 1) D’iSCXQ(gg) = Jg1-

Therefore it belongs to Sat(G1). Since the discriminant of g; is different from 0, we conclude
then that T is a squarefree normalized constructible triangular system in Ps.

Remark. We show in [7, section 4.1] that these squarefree normalized constructible
triangular systems form a relevant algebraic model of the T. Gémez-Diaz systems involved in
the dynamic constructible closure programs. The example 5 will give an illustration of this
result.

4 Squarefree L-normalized constructible triangular systems

This section introduces a weaker notion of normalization called L-normalization. The ori-
gin of this property provides from the polynomial triangular systems theory. First of all,
D. Lazard defines in the polynomial frame the notion of normalization [20, definition 3.2
p.150]. But later on, it appears with the works of P. Aubry and M. Moreno Maza that this
notion is less interesting than the so-called property of regularity [22]. Indeed, regularity is
weaker than normalization and furthermore, allows to make comparaison with many others
triangular sets notions [2, 3]. In particular, P. Aubry shows that the concepts of M. Kalk-
brener regular chain and regular triangular polynomial system are equivalent (see for example
[4, proposition 4.4.12]). Our aim is to mimic their approach. Thus, next section will show
that our notion of L-normalization permits us to relate algebraic models of T. Gémez-Diaz
systems to D.M. Wang simple systems. More precisely, this section explores in details the
properties of L-normalized constructible triangular systems [7, section 1.2]. We give only one
result with the additional squarefreeness hypothesis (lemma 4.1). As in previous section, all
the results are given with sketches of proofs (details can be found in [7]).

Definition 4.1 A L-normalized constructible triangular system in P, is a weak constructible
triangular system {g; £;0}jcpur in P, such that for all j € E U F:

Wj1(le(g;)) € Ly

The following result is an immediate consequence of proposition 3.1. Nevertheless, it will be
the key fact in the proof of the main result of this paper (theorem 5.2).

Proposition 4.1 [7, proposition 1.2.2 p.43] Every normalized constructible triangular sys-
tem in P, is L-normalized.

Remark. The converse is false as it will be shown in remark 4.

Notation.  Given a L-normalized constructible triangular system in P, for all i € Z, we

define ¢; to be the projection of P; over kef ﬁpz

Remark.  Given a L-normalized constructible triangular system in P,, one can check that
for all i € 7ZZy,, the image ¢;(G;) of G; is a multiplicative set of kef i‘Iji which does not contain

0.



Notation. Given a L-normalized constructible triangular system in P,, for every i € Zy
we define cang, to be the canonical homomorphism:

P, P,
P > ! > q; (G5 -1 !
b4 ker U C“”qu (G) <ker \I/Z)
fro=a(f) >qj(1f)

The following results (theorems 4.1 and 4.2) give two main properties of L-normalized con-
structible triangular systems in P,, (a weaker form of these two theorems is given in [8]). They
are very closed to the polynomial triangular systems theory [7, chapter 1]. In particular, a
“polynomial version” of theorem 4.2 is presented in [2, proposition 5.1 p.121].

Theorem 4.1 [7, theorem 1.2.1 p.45] Let {g;&;0}jceur be a L-normalized constructible
triangular system in P,. Then for all i € 7}, we have the following commutative diagram:
P; v, > LAZ

i ° ~
¥
P;

PA
C =~ q:.(G)L v
ker U; ¢ng, 4(G7) <ker \I/Z)
where for all f, g € P;, with qi(g) € ¢;(G;), the isomorphism 1; is defined by:

(-3

Proof. By induction on i. Using proposition 3.1 and [1, proposition 3.1 p.37], it is easy to
show the existence of ¥; making the diagram commutative. The injectivity of 1; is obvious.
Proving that the homomorphism 1); is surjective is more difficult: the case i € E LI F' is easy;
if i € EUF, the key fact is the isomorphism:

_ P
Lio1[Xi] ~ qi-1(Gi—1) ™! <ker \I/%_1> [Xi].

Given f € L;_1[X;], one can check then that there exists h € P, and g € G;_1 such that
f= Wi—1[Xi](h)
W;—1(9)

Notation.  Given a weak constructible triangular system T' = {g;&; 0} cgu F in P,, we set

for all i € Z;:
hi =[] le(g0)-
JEE;

. The result follows from the commutativity of the diagram.o

Furthermore, for all f € P,, we denote by prem(f, {g;};cr,) the generalized pseudo-remainder
of f by the triangular set {g;};cr, (see for example [21, theorem 5.2.2 p.170]).



Theorem 4.2 [7, theorem 1.2.2 p.49] Let {g;&;0}jceur be a L-normalized constructible
triangular system in P,. Then for all i € Z;}:

kerWU; = (g;)jer, : hi® = {g € P;; prem(g,{9;}jer;) = 0}.

Proof.  There are two main ingredients in the proof. Fix a positive integer i € Z.. The
first is that the image W;(h;) of h; is a unit of L; (since the constructible triangular system is
normalized). The second is that, given g € ker¥;, we have prem(g,{g;}jer,) = 0 [7, lemma
1.2.10 p.48].¢

Remark.  Using theorems 4.1 and 4.2, we can prove that the converse of proposition 4.1 is
false. Let us consider the following system in Q[Xy, X, X, X%]:

g4(X1, X, X3, X4) = (X2 X3+ X12 — 1) X;—1 7§ 0

po ) 93X, Xo, Xp) = X1 Xp + X =0
(Xl,Xg) = X22 +X1=0

g1(X1) = X7 - X1 #0
The constructible triangular system {g1 # 0, g2 = 0, g3 = 0} in Q[X, X, X is obviously
normalized and so by proposition 4.1, L-normalized. Moreover, it is clear that lc(gs) =
X5 X3+ X?—1 does not belong to Sat(X?— X1). Therefore, the weak constructible triangular
system 7' is not normalized. However, one can check using theorem 4.2 that:

ker U3 = (ga,g3) : X7° = (X3 + X1, X1 X3+ Xa, Xp X3 — 1).
Thus, this implies that Ic(g4) is equal to XZ modulo ker W3 and so invertible in L3 by theorem
4.1. Then the weak constructible triangular system 7' is L-normalized.
For the next definition, we need further notations.

Notation. Given a weak constructible triangular system {g;&;0}jepur in P,, for all
i € 7, we define J; to be the ideal (g;) jep, of P; and we set:

Hi: ng.

JEF;

Definition 4.2 Let {g;&;0}jepur be a weak constructible triangular system in P,. For all
i € 7, we define a subset Z; of K{ by:

Z; =V(T;) = V(H,).
It is the set of the zeros of the constructible system {g;&;0}jer,uF,-

This definition is very natural. Indeed, given a weak constructible triangular system {g; &; 0} jeru r
in P,, it is logic to give interest to the set V(g;)jer — V(gj)jer. In fact, under the L-
normalization hypothesis, it can be characterized by a less trivial property. For all i € Z,
the set Z; is the standard open set [23, definition 4.13 p.21] of V' (ker ¥;) definied by the class
of H; in the ring \/ki v, (see [7, proposition 2.3.2 p.84] for more details). This result leads

to the following theorem.



Theorem 4.3 [7, theorem 2.3.1p.86] Let {g;&;0}jcrur be a normalized constructible tri-
angular system in P,. Then for all i € Z} and for all f € P;, the following conditions are
equivalent:

1. Wi(f) € L7,
2.¥Yac€Z,f(a)#0.

Proof. There are three steps in the proof. First, given a L-normalized constructible
triangular system in P,, one can show that for all i« € ZT and for all f € P;, we have
U;(f) € Ly if and only if f does not vanish on V(7;) — V(H;h;) [7, corollary 2.3.1 p.84].
The second point is that for all i € ZZ, the set V(J;) — V(H; h;) is the standard open set of
V (ker U;) definied by the class of H; in the ring \/ki v, [7, proposition 2.3.1 p.82]. Finally,

it suffices to apply [7, proposition 2.3.2 p.84] mentionned above to conclude.o

It follows immediately that we can give a characterization in geometric terms of L-normalized
constructible triangular systems in F,.

Corollary 4.1 Let T = {g;{;0}jerur be a weak constructible triangular system in P,.
Then the following conditions are equivalent:

1. T is a L-normalized constructible triangular system in P,,
2. forall j € EUF and for alla € Z;_1, lc(gj)(a) # 0.

The next result forms the second part of an algebra-geometry dictionary started in theorem
4.3.

Theorem 4.4 Let {g;£;0}jceur be a L-normalized constructible triangular system in P, .
For alli € ZZT and for all f € P;, the following conditions are equivalent:

1. f € Vker¥,,
2.¥Yac€Z,f(a)=0.

Proof. By induction on i. Let f € y/ker ¥;. One can check that this ideal is equal to
VJi + H; [7, lemma 2.3.3 p.86]. The result is then obvious. On the opposite, let f be a
polynomial of P; with Z; C V/(f). It implies that f vanishes on Z; and so on V(J; : H®)
by [4, proposition A.1.16 p.142]. Then, since the ideal \/‘7Z : HP® is equal to /7, : H; by [4,
proposition A.1.14 p.141], it sufficies to apply the Nullstellensatz and again [7, lemma 2.3.3
p.86] to conclude.o

The following proposition is a nice property of L-normalized constructible triangular systems
in P,. Keeping only the polynomials defining their equations, it states that we obtain a
so-called regular chain [18, definition p.111].

Proposition 4.2 [7, proposition 2.4.1 p.90] Let {g; £;0}jepu r be a L-normalized constructible
triangular system in P,,. Then {g;};ck is a regular chain in P,.

Proof. The key fact is that the polynomial triangular system {g; = O};cg is regular
[7, proposition 1.3.3 p.54]. The result is then a corollary of [22, theorem II.6 p.107] which
proves the equivalence between regular chain and regular polynomial triangular systems.o



In particular, this results allows us to give an algebraic property of the ideals ker ¥; (i € ZZ)
associated with a L-normalized constructible triangular system in P,. For this purpose, we
first recall a well-known result concerning regular chains (details of the proof can be found
in [7, proposition 2.1.1 p.74]).

Proposition 4.3 Let R be a regular chain in P,. For all i € 7}, the ideal Rep;(R) [18,
definition p.112] of P; represented by the regular chain R N P; is unmized of dimension i —
[ROP.

Corollary 4.2 Let {g;£;0}jepur be a L-normalized constructible triangular system in P, .
For all i € 77, the ideal ker V; is unmized of dimension i — |E;|.

Proof. Fix ¢ € Z}. By proposition 4.2, we know that {g;},cp, is a regular chain in
P;. Furthermore, the ideal ker ¥; is equal to J; : h;°. Given an ideal 7 of PB,, let us
denote by Ass(Z) the prime ideals associated with Z. In his thesis, P. Aubry shows first that
V/Ji : b is equal to Rep;({g;}jer,) [4, theorem 4.4.11 p.57] and that Ass(y/J; : h$®) is equal
to Ass(J; : hi®) [4, corollary 4.1.5 p.44]. We conclude then with the previous proposition.

1

Given a L-normalized constructible triangular system in P,, propositions 4.4 and 4.5 give
two geometric properties of the sets Z; (i € ZZ}). The first guarantees that the set of zeros is
non-empty. The second relates the set Z; to V(ker ;) (i € Z}).

Proposition 4.4 [7, proposition 2.4.3 p.93] Let {g; £;0}jepu F be a L-normalized constructible
triangular system in P,. For all i € 7L+ we have Z; # ().

Proof. One can note that the result is obvious if £ = (). On the opposite, there are
two ingredients in the proof. Fix i € Z;}. First the set {g;};er, is a regular chain of P; by
proposition 4.2. The second is the inclusion (with the notations adopted in [18, definition
p.111]): RZ;({9j}jer) € Z; [7, lemma 2.4.3 p.90].0

Proposition 4.5 Let {g;&;0}jcpur be a L-normalized constructible triangular system in
P,. Foralli € 7} :
Zi = V(ker \I/Z)

Proof. Fix i € Z;. By theorem 4.2, we know that the ideal ker ¥; is equal to J; : h$®.
In fact, one can check that ker U; is also equal to J; : (H;h;)* [7, lemma 2.3.2 p.82]. We
conclude then using the equality Z; = V(J;) — V(H; h;) [7, propositions 2.3.1 p.82 and 2.3.2
p.84].c

Definition 4.3 A squarefree L-normalized constructible triangular system in P, is a L-
normalized constructible triangular system {g; £;0}jcgu F in P, such that for all j € E'U F':

Discx,(g5) € Lj_;.

As in corollary 4.1, we can characterize squarefree L-normalized constructible triangular
systems in geometric terms.

Proposition 4.6 Let T = {g;&;0}jepur be a weak constructible triangular system in P,.
Then the two following conditions are equivalent:

1. T is a squarefree L-normalized constructible triangular system in Py,

10



2. forallj € EUF and for alla € Z;_:
le(gy)(a) # 0, Discx; (g;)(a) # 0.

Proof.  The result follows immediately from theorem 4.3.¢

We end this section with an interesting algebraic property of the ideals ker U, (i € ZZ)
associated with a squarefree L-normalized constructible triangular system in P,.

Lemma 4.1 Let{g;£;0}jcrur be a squarefree L-normalized constructible triangular system
in P,. For all i € 7L}, the ideal ker V; is radical.

Proof. Fix i € Z;. First, one can check that the polynomial triangular system {g; =
0}jer, is regular and squarefree (in the sense of D. Lazard triangular sets [20, definition
3.2 p.150]) [7, proposition 3.2.2 p.107]. Moreover, by theorem 4.2, we know that the ideal
ker W; is equal to J; : h{°. We conclude then using [7, corollary 3.1.2 p.101] which states in
particular that, under squarefree hypothesis, this ideal is radical.c

5 D.M. Wang simple systems

In [26, 27], D.M. Wang presents an algorithm that decomposes a constructible system [P, Q]
(where P is a set of equations and @) a set of inequations) into finitely many constructible sys- N
tems called simple systems. More precisely, his algorithm returns e simple systems [T7, T3], . . ., [Te, T
such that:

&
Zero(P/Q) = UZero(Ti/Ti)

i=1
where, for all 1 <i < e, Zero(P/Q) and Zero(T;/T;) denote respectively the set of zeros of
the systems [P, Q] and [T}, T;]. This concept of simple system is due to J.M. Thomas [25].
There is a natural question to ask: is it possible to define simple systems in terms of con-
structible triangular systems (studied in the last two sections) ? Proposition 5.1 will show
that such a characterization is possible. In fact, the notions of D.M. Wang simple system
and squarefree L-normalized constructible triangular system are equivalent (theorem 5.1).
This allows us in theorem 5.2 to relate D.M. Wang simple systems to algebraic models of
T. Gomez-Diaz systems.
On the other hand, two main results of [26] can be then easily proved (proposition 5.2) since
they have been showed in the previous section within our terminology. Moreover, theorem
5.3 generalizes [26, theorem 6 p.312] as it states in particular that the Zariski closure of the
sets Zero(T;/T;) (1 < i < e) are equidimensionnal. Finally, we relate D.M. Wang simple
systems to M. Kalkbrener regular chains (theorem 5.4).

Remark. This section is essentially [7, section 3.2.3]. All the results are given with self-
contained proofs. For this reason, for every result, we do not mention the explicit reference
to [7].

Notation. From now on, simple system means D.M. Wang simple systems.

In [26], D.M. Wang works with the classical monomial order: X; < ... < X,,. He first
introduces the following squarefree definition.

11



Definition 5.1 [26, definition p.300] Let f be a polynomial of P,, Ko an extension field of
Ky and a = (a1,...,an—1) a point of K" 1. The polynomial f(a, X,,) is said to be squarefree
with respect to X, if:

of

gcd <f(a,Xn), 59X (a,Xn)) e K.

Remark.  This definition can be restated as follows. The polynomial f(a, X)) is said to be
squarefree with respect to X, if:

Discx,(f)(a) # 0.

Moreover D.M. Wang uses the following terminology. A finite non-empty ordered set [f1, . .., f/]
of non-constant polynomials of P, is called a triangular set [26, definition 4 p.301] if:

ind(f1) < ...<iand(f,).

Given two sets of polynomials P = [fi,..., fr], @ = [g1,...,9s] in Py, he denotes by [P, Q]
the following constructible system in P,:

fr:()

f1=0
gs # 0

g1 #0

He writes then Zero(P/Q) the set of zeros of this system. For all set P of polynomials in P,,
for all constructible system B = [P, Q] in P, and for all k € ZZ;, he sets:

Pk = {f e Plind(f) <k}, P® ={feP|ind(f) =k}
BH = [p®k), @k, Bk = [Pk), Qtk).

Moreover, he sets:
B=PUQ, Zero(B) = Zero(P/Q).

Definition 5.2 [26, definition 5 p.302] A pair G = [T, T| of triangular sets in P, is called a
simple system if:

1. TNT = 0 and C; can be reordered as a triangular set,
2. Forany k € Z%, f € G¥ and a € Zero(GHV) :

le(f)(a) # 0 and f(a, Xy) is squarefree with respect to Xy.

Remark. D.M. Wang defines also the notions of primitive and reduced simple systems. We
restrict our study to simple systems in F,.

What we have to do is translating as best as possible this definition within our algebraic
framework developped in the previous sections. It is the purpose of the following lemma.
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Lemma 5.1 Let T = {g;}jecr and T = {g;}jer be two sets of polynomials in P, such that
for all j € EUF,ind(g;) = j. Then the following conditions are equivalent:

1. T and T are two triangular sets in P,,. Moreover, the set G =TUT can be reordered
as a triangular set,

2. the system {g; & 0}jepur is a weak constructible triangular system in P, .

Proof. If T and T are triangular sets then {95 = 0}jcg and {g; # O}jecr are two
weak constructible triangular systems in P,. Moreover, if G can be reordered as a triangu-
lar set, it clearly means that the sets F, F' are disjoint and the result is then obvious. On
the opposite, let {g;£;0}jerur be a weak constructible triangular system in P,. By defi-
nition, for all j € F U F, the index of g; is j. It implies, since E and F' are disjoint, that

G = {9;}ierur, T ={gj}jer and T = {9;}jer are triangular sets.o

This lemma allows us to rephrase the definition of simple systems in terms of weak con-
structible triangular systems. For this purpose, we first make a remark.

Remark. Given a simple system [T, T] in P,, the set Zero(T/T ) is simply the set of
zeros (definition 4.2) of the weak constructible triangular system [T, 7] (with D.M. Wang

terminology): N
Zero(T|T) = Z,.

Proposition 5.1 Let {g;&;0}jepur be a weak constructible triangular system in P,. Then
the following conditions are equivalent:

1. [[g;ljeE: l9j]jeF] is a simple system,

2. for all j € E and for all a € Z;_4:
le(gz)(a) # 0, Discx; (g;)(a) # 0.

Proof. It is an immediate consequence of lemma 5.1 and remark 5.0

The following theorem shows that simple systems are well-known in our framework. Indeed,
the second statement in previous proposition is exactly the one which appears in proposition
4.6. Next theorem is then an obvious corollary of propositions 4.6 and 5.1.

Theorem 5.1 Let {g;&;0}jepur be a weak constructible triangular system in P,,. Then the
following conditions are equivalent:

1. [[g;ljeE, l9jljcr] is a simple system in Py,
2. {9;&0}jepur is a squarefree L-normalized constructible triangular system in P,.

Thus, we have obtained a characterization of simple systems within our terminology. We
can now relate them to algebraic models of T. Gémez-Diaz systems. It is the purpose of the
following theorem which states the main result of this paper.

Theorem 5.2 Every algebraic model of T. Gémez-Diaz systems, i.e. every squarefree nor-
malized constructible triangular system, is a simple system.
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Proof. As simple systems and squarefree L-normalized constructible triangular systems
are equivalent, this result follows immediately from proposition 4.1.¢

Remark. Note that the converse is false: it suffices to combine remark 4 with theorem 5.1.

Ezxample.  The reader must be careful with theorem 5.2. It does not state that a triangular
system obtained by a calculus with the dynamic contuctible closure programs forms a simple
system, but its model does. Consider for example the following T. Gémez-Diaz system with
Ky = Q and parameters z, y, z (see [7, chapter 4] for detailed definitions):
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[1--—-y2 X 1z+ - =0 and y /=
0O,y /=-——andx/=1,x/=01(x) (y----) x)]

There is no need to ask whether it is or not a simple system : they are not polynomials of
Q[+, ~, F] ! However, one can easily check that an algebraic model of this system is :

(X1 X —1) X2+ X2=0

T={ X, X2—X,#0
X2 X, #0

It is the system studied in example 3. We have shown that T is a squarefree normalized
constructible triangular system in Q[Xy, Xy, Xj¢] in examples 3 and 3. Thus T is also L-
normalized by proposition 4.1. Therefore we conclude using theorem 5.1 that:

[(X1X— 1) X3+ Xo], [XT — X1, X1 X5 — X)]]

is a simple system of Q[Xp, X, Xjy].

Furthermore theorem 5.2 shows that all our results related to squarefree L-normalized con-
structible triangular systems can be rephrasing in terms of simple systems. In particular, we
can establish easily next proposition which gather together two results of [26, 27]. The first
point refers to last part of [26, theorem 1 p.310], the second is exactly [26, theorem 4 p.312].

Proposition 5.2 Let [T, T] be a simple system in P,. Then:
1. the set Zero(T/T) is non empty,
2. for all f € P,, the following conditions are equivalent:
(a) ¥ a € Zero(T/T), f(a) =0,
(b) prem(f,T)=0.
Proof. We know that [T, T ] forms in particular a L-normalized constructible triangular
system in P,. Thus, the first point is simply proposition 4.4. Moreover [T, T] is also square-

free. Then, since ker ¥,, is radical by lemma 4.1, it suffices to apply theorems 4.2 and 4.4 to
conclude.¢

Let [P, Q] be a constructible system of P, (with D.M. Wang terminology) . In [26], D.M. Wang
presents a method that computes finitely many simple systems [T}, T;] (1 < i < e) of P, such
that:

&
Zero(P/Q) = UZero(Ti/Ti).
i=1
In [26, theorem 6 p.312], for all 1 < i < e, D.M. Wang calculates the Grobner basis of the
following ideal Z; of P,:

I = (T;, Y [ le(f) = 1) N P
TET;

Then he shows that the condition QQ = () implies:



Moreover, he says that for all 1 < i < e, the affine variety V(Z;) is (n — |T;|)-equidimen-
sional. Next theorem establishes an analogous result in the general case (i.e. without the
hypothesis Q = () and shows in particular that the Zariski closure of Zero(T}/T;) is (n—|T;|)-
equidimensional (1 <i <e).

Theorem 5.3 Let [P, Q] be a constructible system in P,, (with D.M Wang terminology) and:

Zero(P/Q) = UZGTO(Tz‘/Tz‘)

a zero decomposition obtained by his algorithm SimSys [26, section 3 p.302]. If for all 1 <
i < e, we denote by I; the following ideal of Py,:

L= (T, Y [[le(f)-1)N Py
fET;

then:

e

Zero(P/Q) = UV(L).

i=1
Furthermore for all1 < i < e, the affine variety V(I;) is equal to Zero(T;/T;) and is (n—|T}|)-
equidimensional.

Proof. For all 1 < i < e, we denote respectively by J;n,hin and ¥; , the ideal of
P, generated by the polynomials of T, the product [[;cs lc(f) and the homomorphism

associated with the weak constructible triangular system [T7, TZ] in P,. Applying [10, theorem
1.5.4 p.19], the Zariski closure of Zero(P/Q) is equal by hypothesis to:

Zero(P/Q) = UZero(Ti/Ti).

Fix a positive integer i (1 < i < e). The simple system [T}, TZ] is a L-normalized constructible
triangular system in P,. Then, by proposition 4.5, we have:
Zero(Ty)T;) = V(ker Uy ).
Moreover, applying [5, exercise 9 p.196], the ideal Z; is equal to:
= Jin: b3

on:
Therefore, by theorem 4.2, we obtain:
Zi=ker¥,;,
and so the equality:
Zero(T;)T;) = V(I;).
The result follows then from corollary 4.2.¢

Furthermore, D.M. Wang notes that simple systems without inequation (i.e. simple systems
[T/T) with T = 0) form polynomial triangular systems and refers the reader to the works
of D. Lazard [20] and M. Kalkbrener [19]. The following result justifies and extends this
observation to general simple systems.
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Theorem 5.4 Let [T, T] be a simple system in P,,. Then the set T s a regular chain in P,.

Proof. By theorem 5.1, the simple system [T, T ] is in particular a L-normalized con-
structible triangular system in P,. The result is then a direct consequence of proposition
4.2.0
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