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Abstract. In this article we consider the following question: N words
of length L are generated using a biased memoryless source, i.e. each
letter is taken independently according to some fixed distribution on
the alphabet, and collected in a set (duplicates are removed); what are
the frequencies of the letters in a typical element of this random set?
We prove that the typical frequency distribution of such a word can be
characterized by considering the parameter £ = L/log N. We exhibit two
thresholds ¢y < ¢; that only depend on the source, such that if ¢ < £,
the distribution resembles the uniform distribution; if £ > ¢; it resembles
the distribution of the source; and for £9 < ¢ < /; we characterize the
distribution as an interpolation of the two extremal distributions.

1 Introduction

The coupon collector problem is a classical topic in discrete probability; in its
most basic form, the question is to determine how many independent draws
from a uniform distribution on some fixed finite set E (say, of cardinality n) are
needed, in expectation, to obtain each possible value at least once. The answer
turns out to be exactly nH,,, where H, =1+ 1/2+ --- + 1/n denotes the n-th
harmonic number.

It is natural to consider non-uniform versions of the problem, where values
have different probabilities. Typically, some structure is needed on the set of pos-
sible values to make the problem tractable. The weighted word collector problem,
as studied in [1], corresponds to the case where E is a set of words of a fixed
length L (possibly, all words over some finite alphabet A, i.e. A*, but more
generally for some language £ C AL), each word has a probability proportional
to its weight, and this weight is defined as a product of individual letter weights.

In this paper, we consider a process related to the weighted word collector
process when £ = AL, In this case, words are drawn according to a memoryless
source: each letter a; has a specific a priori probability p(a;), and words are
composed of L independent letters drawn from this probability distribution.
Instead of waiting for all possible words to appear, we consider a partial word
collector: we repeatedly draw random words from the memoryless model, keeping
track of the set of distinct words “collected”.



In this setting, we try to answer the following somewhat informal question:

When N independent draws have been made from the random word
model, what does a “typical” member of the set of already-seen words
look like?

More precisely, we study the likely composition of collected words; that is, the
number of occurrences of each letter in a word drawn uniformly at random from
the set of already collected words. At this point, it is only for convenience that
we describe the process in terms of picking a random word from those already
collected; our interest is in identifying what a typical collected word looks like.

This question is related to the subword complexity of a long random word in
the memoryless model. The subword complexity function of a (finite or infinite)
word w is the function that maps each integer L to the number of different
factors of length L that appear in w; as shown in [4], the (random) subword
complexity for factors of length L of a random word of length N + L — 1 in the
memoryless model, is very close (in expectation, and in distribution) to the size
of our partial word collection.

Our initial motivation for studying this problem follows the work of Ru-
binchik and Shur on the expected number of distinct palindromic factors in a
uniform random word [6], which we extended to a-gapped patterns [3] (an a-
gapped pattern is a factor uvu with |uv| < a|u| for given a > 1). When trying to
extend these results to words generated by a memoryless source, a problem very
similar to the one investigated in this paper arises: typical palindromic factors
have length in ©(logn), and a promising way to count them is to identify those
who contribute the most, using (and extending) the methods presented in this
paper.

Special cases of our question can be answered easily, at least informally. If
all words have the same probability (i.e., p(a;) = 1/k for each of the k letters),
then drawing a uniform word from the set of collected words is equivalent to
drawing a uniform word; by the law of large numbers, each letter is extremely
likely (at least for large L) to have an observed frequency close to its a priori
probability 1/k.

When the letter probabilities are not uniform, the asymptotic regimes (with
fixed L and variable N) are intuitively clear. For very small N, all N collected
words are likely to be different, so the two-step sampling process is equivalent to
drawing a single random word from the memoryless model; i.e. letter frequencies
are likely to be close to the letter probabilities p(a;). At the other end of the
spectrum, if NV is large enough, with high probability all words have been col-
lected, so that drawing a uniform word from the set of collected words is almost
equivalent to drawing a uniform random word; letter frequencies should be close
to the uniform 1/k.

The interesting case lies in the intermediate regime. In the present paper,
we exhibit an evolution for the likely composition of typical collected words;
the precise statement is given by Theorem 1. The significant parameter is the
ratio £ = L/log(N). Informally, as N grows (as ¢ decreases), the composition
goes continuously from the a priori composition to the uniform composition



along a predetermined curve: at all times, each letter a; has typical frequency
proportional to p(a;)¢ for some constant ¢ that depends on the ratio ¢; as N
grows from 1 to infinity (as ¢ decreases from infinity to 0), ¢ decreases from 1 to
0. Our main theorem also gives explicit thresholds, one until which the typical
letter frequencies fit the a priori frequencies, and one after which they fit the
uniform frequencies. Unsurprisingly, the latter is significantly smaller than the
time to a full collection: typical collected words “look like” uniform words long
before all words have been collected.

2 Definitions and notations

If k is a positive integer, let [k] = {1,...,k}. For x = (21,...,2%) € RF, let
1%l = /> iem z? and if d > 0, let B(x,d) be the closed ball of all vectors y

such that [ly —x|| < d.
Let A = {ay,...,a;} be an alphabet with k > 2 letters, which we fix from now

on. For any word w € A*, let comp(w) = (Jw|1, ..., |w|x) denote its composition
vector, where |wl; is the number of occurrences of a; in w. If w is not empty, let
freq(w) = (‘ﬁ’vlll ey ‘rtjvllk) denote its frequency vector.

The (natural-based) entropy function on k positive variables is defined by

Hy(x) = Hy(w1,...,08) = — Z x; log x;.
1€ (k]

We will omit the index k£ in the sequel, as it is fixed in our settings, and write
H(x) instead of H(x).

Throughout the article, we assume some probability vector p = (p1,...,pk)
to be fixed, with p; # 0 for every i € [k], and we consider statistics in the
memoryless model where each letter a; has probability p;. We denote by Pp,
this probability measure on A”. We also assume that p is not the uniform
distribution, i.e. there exists ¢ € [k] such that p; # % Let pmin = min;epx) p; and
Pmax = MaX;c[x) P; be the minimal and maximal values of p.

Remark that since the number of letters £ > 2 and the probability distri-
bution p are fixed throughout the article, the constants we use may implicitly
depend on p and k.

In our statements and proofs below, we mainly work on frequency vectors of
words of length L, which are very specific vectors of R¥. Depending on our needs,
we will see them as frequency vectors, probability vectors (going from discrete to
continuous), or even just vectors. We therefore introduce the following notations:

— For given positive integer L, let F denote the set of frequency vectors of
words of length L, defined by

Fr=14(z1,...,op) €R": > 2y =1and Vi € [k], 2;L € Zso
i€ k]



— Let P denote the set of probability vectors, defined by

P = (xl,...,xk)E]Rk: Zmizlandwe[lﬁ], 0<z; <1
1€ k]

— We will also need a restriction of P to probability vectors that are not close
to the border. Let P be the subset of P defined by

P= (xl,...,xk)ERk:%]zi1andVi€[k], pr;in <z; <1
1€

3 Main result and proof sketch

In this section we define the problem that is studied in this paper, state our
main result and provide a very informal proof sketch.

3.1 The biased partial coupon collector problem

For any two positive integers N and L, we are interested in the following two-
steps process:

1. Generate, independently, N words of length L following the memoryless
distribution of parameter p and collect them in a set Sy r, disregarding
multiplicities; if a given word is generated several times, it contributes only
once to Sy, (consequently, the number of elements in Sy, 1, is itself random).

2. Draw uniformly at random an element of Sy 1, which we call Uy 1.

More formally, let X5, ..., X5 be N i.i.d. random words, each of length L
and chosen using the memoryless source of parameter p. If u = (uq,...,uy) is
a tuple of elements, of AL, let Set(u) be the set defined by

Set(u) = {u€ A" : i € [N], u; =u}.

The random set Sy, is defined by Sy 1 = Set(X7,...,X,), and Uy 1 consists
in choosing uniformly at random an element of Sy, (which cannot be empty in
our settings).

We mainly focus on the typical composition of letters within the result of
our random process, i.e. we are interested in the random vector freq(Un 1).

Intuitively, our main theorem states that when (a) L is small compared to
log N, almost all words have been collected, hence our process is almost the same
as selecting uniformly at random a word of A”: the frequency vector resembles
the uniform distribution. On the other hand, when (c) log N is small compared
to L, only a few number of words have been collected, there are few duplicates,
hence our process is almost the same as just generating one word with the
source. The intermediate range (b) corresponds to an interpolation between the



two distributions. Also, note that, seeing the process as incrementally collecting
words, regime (a) occurs well before a majority of possible words have been
collected, and that regime (c) lasts well after duplicates have become numerous;
the precise description of the regions for the various regimes is also a part of our
results.

The statement is the following.

Theorem 1. Consider a memoryless source for a fixed alphabet of size k, of
probability vector p that is not the uniform distribution, and define

D(t)=> pi, VteR.

i€ (k]
Let by = ﬁklogp_ and {, = ﬁ. There exist a positive integer Lo and a
e i
positive real A such that for every integers L > Lo and N > 2, if we set £ = ﬁ
then the following results hold:
(a) If £ < £y, then
_ log L _ L 1 1
]P’(Hfreq(UNL)—XHZ < LAMeeLyithg = —,...,— ).
(b) If by < € < £y, then
P | freq(Un.L) — x|l > log I < LMoL with x. = P Ph
vl =) = e = g )

where ¢ is the unique solution in [0,1] of the equation {P'(c) + P(c) = 0.
(c) If £ > ¢y, then

log L ,
OgL ) < LMeslwith p = (p1,...,px) -

P (II freq(Un,z) — p|| >

Remark 1. Observe that if ¢ = ¢y, then x. = X and that if £ = ¢, then x. = p.
Observe also that if we allow p = X, then ¢y = ¢; and everything collapses; in
this case our random process, for any value of N, is just a complicated way to
produce a uniform random word of length L.

Remark 2. A reviewer suggested a change of parameterization that looks promis-
ing, by setting N = (k*)®, for a € R*. This way the parameter is a and not
¢, and they are related by a = @. Thus, as N increases for fixed L, «
also increases; notice that the case o = 1 corresponds to the situation where
one draws just enough words to possibly get each existing word exactly once
(though this would happen with extremely small probability). In this param-
eterization, the first threshold ag, corresponding to ¢1, is a9 = Hy(p), where

Hi(x) = @H (x) is the entropy in base k of x. The second threshold a;, cor-
responding to £y, is a; = —m. The reviewer also observed that a; can

be written a; = 1 + @DKL (u|p), using the Kullback-Leibler divergence [5,



p. 38], which is a classical notion in information theory defined for two positive
vectors x and y of size k by

s
Dir(x]y) = E xilog%.
ielk] Yi

Here the 1 term in the expression for a; comes from the (base k) entropy of
the uniform distribution vector u. In this form, it is more readily apparent that
ap < 1 < a7 holds as soon as p is not the uniform vector, since the Kullback-
Leibler divergence is positive.

3.2 Main steps of the proof

For this proof sketch, the reader must be aware that we do not mention some
technical conditions that are necessary for some statements to be correct. Our
aim here is only to present an informal guide to the technical sections where
Theorem 1 is proved.

It is convenient to introduce the parameter ¢ defined by L = flog N, as the
main phase transitions appear when the number of words is exponential in their
lengths®. The proof consists in identifying the frequency vectors corresponding
to compositions of words that contribute the more to Sy ..

For a given x € Fy,, we first prove that there are roughly* N7 words of
length L whose frequency vector is x. Let W, (x) denote this set of words.

Observe that words that share the same frequency vector x have the same
probability pr(x) = N Xicw #i198Pi of heing generated by the memoryless
source. Hence, the probability that a word of Wy (x) appears in Sy, is exactly
qn,L(x) == 1 — (1 — pp(x))N. There are two cases: If 1 + €3 e ilogp <0
then gy o (x) & N1 2iem @08 P otherwise gy 1 (x) ~ O(1). For w € Wy (x),
this can be summarized as follows:

P(w € Sy.1) = qn,p(x) & N0+ Zie = log )

By linearity of expectation, we can thus estimate the expected contribution to
Sn,1 of Wi (x) for a given frequency vector x:

. 1
E |SN,L n WL(X)| ~ N@mm(H(x)’Kz(x))’ with K@(X) = H(X) + 7 + Z x; log p;.
i€[k]

To find the frequency vectors that contribute the most, we have to study the
function Gy(x) = min(H (x), K¢(x)). This is the minimum of two strictly concave
functions on P, each of which has a maximum. There are two main situations
for the location of the maximum of such a function, as depicted in Fig. 1 (for
functions of a single variable).

3 It is a more natural view of the process to consider L as fixed and N as varying;
this, however, leads to the somewhat artificial parameterization N = exp(L/¥).

4 By ”roughly” we mean up to some multiplicative power of L, with L = O(log N) at
our scale.
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Fig. 1. The two possibilities for the location of the maximum value of g defined as
the minimum of two concave functions g1 and g2 that both have a maximum. On the
left, the situation where the maximum of g1 (resp. g2) is reached for some z¢ with
g2(z0) > g1(zo) (resp. g1(wo) > g2(x0)); in this case, the maximum of g = min(g1, g2)
is g(zo) = g1(zo). On the right, the case were the maxima of both g1 and g2 do not
satisfy the previous condition; the maximum of g is then located at the intersection of
both curves. Note that when dealing with concave functions of several variables, this
intersection is not reduced to a single point, but it still contains the maximum.

It is well known [5] that H(x), the classical entropy function on P, has its
maximum for the uniform distribution X = (4,..., +), with H(X) = log k. More-
over, by Gibbs’ inequality [5], K,(x) reaches its maximum on P at p. Hence
X and p are two candidates for the first case of Fig. 1, corresponding to cases
(a) and (c¢) of Theorem 1, respectively. Case (b) corresponds to the second case
of Fig. 1, when K;(X) < H(X) and H(p) < K¢(p): the maximum of G,(x) is
reached for a value x such that H(x) = K;(x), i.e. on the hyperplane of equa-
tion Zie[k] z;logp; = —%. Standard techniques for multivariate differentiable
functions yield that the maximum is located at x. given in Theorem 1.

To turn these informal steps into a full proof of our main statement, we
also need to prove that Uy 1, resemble the frequency vector that contributes the
most in expectation, to |Sy.z N W (x)|, i.e. that the distribution of freq(Un 1)
is concentrated around x..

4 Proof of Theorem 1

4.1 Preliminary results

The following lemma establishes some simple bounds for the cardinality of
Wi (x), justifying the rough estimate of N*¥*) discussed in Section 3.2.

Lemma 1. There exists a positive real constant o« such that for all x € P,
WL (x)| < ael &) = g NEHE), (1)

There exists a positive real constant B such that for all x € P, such that for all
y € B(x, %) N Fr we have

k—1 k—1
W)l > BL- 70 — gL NEHG) o

Moreover B(x, %) N Fr, is not empty.



Lemma 2 below will be used to prove that sufficiently many words of Sy,r
have a (well chosen) frequency vector y. It is proved using the study of negatively
associated random variables by Dubhashi and Ranjan [2].

Lemma 2. Let y € Fp such that qn(y) > =, for some v > 0. Then the
following inequality holds:

P (W) N Sval < JWe(y)]) < emp (-2,

2

For x € P, let By (x) be the set of probability vectors that are far from x:

log L
B = {y P Iy x> B2,

Proposition 1 is our main tool for proving Theorem 1. The technical condi-
tions can be seen as follows. Condition (1) is used to obtain an upper bound on
the number of elements of Sy 1, whose frequency vectors are in By, which holds
with very high probability (using the Markov inequality from the bound on the
expectation). Condition (2) ensures that with high probability we have a lot of
elements of Sy,;, whose frequency vectors are not in Br; the precise statement
of the condition is chosen to fit the formula within the exponential in Lemma 2.

Proposition 1. Let £~ and {* in R U {—oc0, 400} such that £~ < ¢*. Let Lo
be a sufficiently large integer, and x € P. Assume that there exist two positive
constants A1 and Ao, such that, for any L > Ly and N > 2 for which ¢ =
L/log(N) satisfies £~ < £ < £F; then for anyy € B(x,k/L) the following two
conditions hold:

(1) EWVL(BL(x)) N Sn,p| < LM e ENHGI gy 1 (y);

(2) NZH(X)(JN,L(}’)Z > [A2log L

Then, there exists A > 0 such that P (||UN,L —x|| > %) < LML holds for
any (L, N) satisfying the same conditions.

Lemma 3 will be used to prove that Condition (1) of Proposition 1 holds
in certain cases. Its proof heavily relies on concavity in order to extend a local
bound globally.

Lemma 3. Let f be a concave continuous function on a convexr domain C C R*
that has a mazimum on C at'y. Assume furthermore that there exist two positive
real constants p and n such that for every x € B(y, p)NC the following inequality
holds:

Fx) < fy) —nlx -yl
Then for every positive real v < p, for every x € C such that ||x —y|| > r we
have f(x) < f(y) —nr*.

Finally, we will use the following bounds for py(y) and gy, (y) in terms of
pr(x), which are obtained using basic computations.



Lemma 4. Let x € P and let y € B(x,k/L) NP. There exist two positive
constants k1 and ke such that k1pr(x) < pr(y) < 2k2pr(x) and

1 —exp(=r1N pr(x)) < gn,0(y) <1 —exp(—raN pr(x)).

4.2 Proof for range (a): £ < £y

In this section, we are in the case where £ < ¢, = ﬁ’ﬁogp, Our goal is to apply
i€k v
Proposition 1 for x =X = (4,..., 1), with £~ = —oco and ¢T = £,. Observe that

N &) = kL and that, by Lemma 4, for any y € B(x, k/L) we have
gn,p(y) > 1 —exp(—k1Npr(x)) =1 —exp (—KleH—% 2iei logpi> .

As ¢ < {y, we have 1 + %Zie[k] logp; > 0 and thus gn,(y) > 1 — e "1.

To verify Condition (1) of Proposition 1, we rely on the following result on the
entropy function H, which can be obtained by standard techniques of analysis
in several variables:

Lemma 5. The ezists a neighborhood Vx of X = (%, ceey %) such that, for every
x € PN Vx the following inequalities hold:

kllx — x||?

loghk — k|x —X||* < H(x) < logk — 3

(3)

When L is sufficiently large, B(X,log L/v/L) C Vx of Lemma 5. So we can
apply Lemma 3 with y = X and r = log L/+/L, to obtain that for every x € By (X)
we have

nlog® L _ klog® L
L 3L

By Lemma 1, we can bound the number of words in Wy, (x) for x € B (X):

H(x) < H(X) log k —

_ZklogQL

|WL(X)‘ SQNZH(X) < aNflogk 3 :O[kLL_kIOgL/S.

Observe that |Br, N Fr| < |Fr| < L*, since there are at most L¥ compositions
of letters for words of AL. Therefore,

EWL(BL(X)) N Sn.z| < Wr(BL(X)) N Fr| < aLF kgt L=klesL/3,

This proves that Condition (1) holds in our case, since for any A; < g, the right
term is at most gy, (y)kT L= 198 L as we saw that gy r(y) > 1 — e~ "t at the
beginning of the section.

Condition (2) trivially holds as we have, for any Ay > 0:

NEH(X)QN,L(Y)Q > (1 _ e*ﬁl)QkL > L)\g logL'

We can therefore apply Proposition 1, concluding the proof for range (a).



4.3 Proof for range (b): £ < £ < £,

In this section, we are in the case where Z_iklo </ < ﬁ Our goal is still
ek log pi p)
to apply Proposition 1, but we first need to find the vector x that concentrates
the frequency vectors of the output of our process.
Recall that Ky(x) = H(x)+ 7 +2 ek %i log pi. We have the following bound
on the expected number of words of given frequency vectors that appear in Sy 1.
It is obtained by linearity of the expectation, and by obtaining bounds on g 1, (x)
as in Lemma 4.

Lemma 6. Let x € P. The expected cardinality of Sy,;, N Wr(x) satisfies
E |SN,L NWy (X)‘ < 20[N€ min(H(x),K@(x))7

with the same o as in Lemma 1.

Recall that Gy(x) = min(H (x), K;(x)), so we can rewrite the bound in
Lemma 6 into 2aN%®), We now study Gy(x) for the range corresponding
to case (b), i.e. £y < £ < ¢;. Recall also that @ is the mapping defined by

P(t) = 3 icpu) Pi-

Lemma 7. For any ¢ such that {y < ¢ < {1, as a function on P, the function
Go(x) admits a unique mazimum at X, = %(pf, ..., D), where c € [0,1] is the
unique solution of £’ (c) + @(c) = 0. Moreover, x. is in the hyperplane defined
by the equation H(x) = Ko(x).

Now that the maximum x. is located, we want to provide an upper bound
the expect cardinality of Br(x.) NSw, L, to fulfill Condition (1) of Proposition 1.
For this, we want to use Lemma 3, and therefore need an upper bound of G(x)
around its maximum Gy(x.). This is the purpose of Lemma 8 below, whose proof
relies on classical analysis of functions of several variables.

Lemma 8. Let c be the unique solution of {®'(c)+P(c) = 0. There exists a real
constant p > 0 such that for every x € B(X., p) NP, Go(x) < Go(x.) —[|x —x.||.

We will also need the following technical lemma, to prove that the cardinality
of Wy (x.), which is roughly N‘#(%) is at least some power of N. Its proof
consists in studying ¢ — (H(x.), where c is viewed as a function of ¢ given by
the implicit solution of £&'(c) 4+ @(c) = 0.

Lemma 9. For £ within range (b), let ¢ be the solution of (D' (c) +P(c) = 0, the
quantity (H(x.) satisfies the following inequalities:

klogk

0<d<(H(x.) <1, withd= ———2"
— Dicik 108 Pi

Since H(x.) = K¢(x.), we have N (xe) = NtGe(xe) Moreover, by Lemma 4,
for any y € B(x., k/L) we have

pg o
av(y) > 1 — exp(—r1 Npp(xc)) = 1 - exp (—mzvl“ziew #o 1) |

10



But gZie[k} % log p; = EQ;/((CC)) = —1. Therefore, gn,r(y) > 1 —e "

We can now prove that Condition (1) holds. By Lemma 8 and Lemma 3, when
L is sufficiently large, for all x € Br(x.) we have Gy(x) < Gy(x.) — log? L/L.
Thus, by Lemma 6 we have

E[WL(x) N SwL| < 2aNCtX) < 9q NICr () =tlog” L/L — 9o NEH () [~ los L
Since |Br(x.) NSy, < |Fr| < L*, by linearity of the expectation we have
EWp(BL(x.)) NSy.n| < 2aLFNH ) [~log L
As gy 1(y) > 1 — e ", Condition (1) holds since
E\WL(BL(xc)) N Sn,1| < N gy 1 (y) L7218,
Condition (2) also holds: by Lemma 9, we have
NUHE) g ()2 > N1 — e F1)2 < [~ logl

since the condition ¢ < /1 implies that N grows exponentially in L. Therefore,
we can apply Proposition 1, concluding the proof for range (b).

4.4 Proof for range (c): £ > £,

For this range we cannot only rely on Proposition 1, as when ¢ is very large, IV is
small towards log L, or even towards L, and the conditions do not hold anymore.
We therefore split the proof into several subranges for ¢.

To provide an upper bound for the expected cardinality of |BL(p) N Sw L,
we use the classical large deviation results for the multinomial distribution [7,
p. 462] to obtain the following lemma:

Lemma 10. The following inequality holds: Py, (Br(p)) < 2k L=z gL

As a consequence, since we generate N random words with the source,
E|BL(p) NSy.o| < 28N L~ z'8L,

Observe also that pr(p) = N~¢(P) thus by Lemma 4, for y € By (p,k/L),
qn,L(y) > 1 —exp(—r1NpL(p)) = 1 — exp (—K1N1_€H(p)) :

Ase t <1 — % for ¢ € [0,1], we have gy 1(y) > %Nl_éH(p). Thus we have

N ®lgy 1 (y) > %N and Condition (1) of Proposition 1 holds for any A; €

(0, 3). Unfortunately, Condition (2) does not always hold, and we have to change
the proof when £ is too large.

11



» case A~ < £ < =3 : in this case, Condition (2) holds. Indeed,

NH®)gy ()2 > N > B,

But the condition £ < %(p) implies that N grows exponentially in N. Hence,
Proposition 1 applies and the result holds for this subrange.

3
2H(p)
the proof, we have to establish that |Sy | is large with very high probability.

By Lemma 1, there exists y € B(p, 1) such that |Wp(y)| > BLU-R/2N*H(P),
By Lemma 4, pr(y) > k1 N“¥(®) and therefore P (Wi (y)) > «LU~9/2 with
Kk = K10.

We now consider the process from the start, when the N words of length
L are repeatedly generated by the source. Let Yy 1 be the random variable
that counts the number of words of W, (y) generated during this process. The
random variable Yy 1, is distributed as a binomial distribution of coefficients N
and PL(Wr(y)): E[Yn,z] = NP, (WL(y)) and there is concentration around the
mean, by Chernoff-Hoeffding inequality:

< £ < £3: where {5 = %g/\’ for some A € (Pmax, 1). To complete

.2
P (YN,L < gL(lfk)ﬂN) < exp <;L1kN) < L*IOgL’ (4)

for L sufficiently large, since N is exponential in L when ¢ < /5. In the process of
repeatedly generating N words, a word w is called a y-duplicate if freq(u) =y
and u has already been generated. Let Dy j, be the random variable that counts
the number of y-duplicates. We have |Sy, "WL(y)| = Yn, — Dy, 1. If we only
look at what happens inside Wy (y), we are considering the process of choosing
Y, times an element of Wy, (y) uniformly at random, as they all have the same
probability of being generated. We will use the following classical lemma.

Lemma 11. Let E be a set of cardinality n > 1. Let Dg(n) denote the number
of duplicates obtained when generating m times an element of E uniformly at
random. Then

]

E[Dg(n)] < o

Since Y1 < N, the expected number of duplicates in Sy, satisfies

N2 L(kfl)/2
< <
2IWL(y)l 26

k—1)/2
N o E ﬁ)/ JN.
=T

E[Dn.1]

By Markov inequality, as IV is exponential in L, we get that for any positive v

I(k=1)/2
P Dy, > L VN) <P (DN,L > wL”long> < L7Vl (5)

12



Equation 4 and Equation 5 ensure by the union bound that
P (YN,L — DN,L < gL(l—k)/QN _ LQVIOgL\/N) <L log L _"_L—VlOgL.

Recall that Yy, — Dy, = |[W(y) N Sn,1|. As N is exponential in L, for any
positive constant p we have

]P)(|W(Y) mSN,L| < L*HlogLN) < o, —viegL

Such a precise estimation of the cardinality of W(y) N Sy, can be used as
a substitute for Condition (2) of Proposition 1, concluding the proof for this
subrange.

» case £ > £5: In this case, we simply rely on this classical result deduced from
the Birthday Paradox problem, to establish that with very high probability, there
are no duplicates in Sy, r.

Lemma 12. If { > {5, then the probability that |Sn,.| < N is exponentially
small in L.

As a consequence, this proves our result for £ > /: if the N elements generated
by the source are pairwise distinct, then Uy r, is distributed as a random element
of the source. By Lemma 12, this happen with probability at least 1 — L~ 8L,

5 Conclusions

In this article, we exhibited two thresholds for the typical frequency vector of a
word in the partial word collector problem, for a memoryless source of parame-
ter p. We were able to establish that with high probability, it resembles either
the uniform distribution, or a word generated by the source, or some vector in
between, which we fully characterize.

We want to make the observation that, though two words with the same
frequency vector have the same probability to be the result Uy 1, of our process,
Un,1, is not distributed as the output of a memoryless source: the computations
for 3 words of length 2 on {a,b} show that the probability that Uy 1, ends by a
is not the same if we condition by starting by a or by b.

A natural continuation of this work, is to study the case where the N words
are not independent anymore, but are the factors of length L of a random word
of length N 4+ L — 1. As shown for instance in [4], the correlation between the
factors is small, so we expect a similar result, even if it is still ongoing work.

Another possible extension would be to study a similar word collection pro-
cess when words are not produced by a memoryless source; say, using a Markov
source instead. One would expect at least equivalents of regimes (a) and (c) in
our theorem, though regime (c¢) could have asymptotic frequencies that are not
uniform (as the support of the distribution may not be A%); and any intermedi-
ate regime(s) could be much more difficult to determine.
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