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Abstract. Glushkov’s algorithm builds an e-free nondeterministic au-
tomaton from a given regular expression. In the worst case, its number
of states is linear and its number of transitions is quadratic in the size
of the expression. We show in this paper that in average, the number of
transitions is linear.

1 Introduction

Kleene’s Theorem states that regular expressions and automata describe the
same objects, regular languages. They both are finite objects which encode infi-
nite sets of words and they play a key role in formal language theory as well as
in its many fields of application.

One can often take advantage of having this two different representations,
the algorithmic problems of transforming one representation into another are
therefore fundamental. They have been widely studied and are still improved
nowadays, as one can see in a recent survey by J. Sakarovitch [1].

In this paper we focus on one particular such transformation, Glushkov’s
algorithm [2], an algorithm that builds an e-free nondeterministic automaton
from a given regular expression. Starting from a regular expression with n let-
ters, it builds an automaton with n + 1 states and O(n?) transitions. In [3], J.
Hromkovic, S. Seibert and T. Wilke proposed a variation on this algorithm where
the produced automaton has O(n log? n) states. They also proved a lower bound
of 2(nlogn) states for this general problem. Based on this work, C. Hagenah
and A. Muscholl proposed in [4] an algorithm of time complexity O(nlog®n) to
achieve the construction. See also [5, 6] for some efficient related algorithms.

Our contribution is to give an average case analysis of the size of Glushkov’s
automata. Using the framework of analytic combinatorics, we prove that for the
uniform distribution of regular expressions, the average number of transitions is
linear.

The use of generating functions and complex analysis have proved to be
useful in average case analysis of algorithms [7]. The methodology we shall use
here can be summarized as follows:

1. Find an unambiguous specification of the objects, which can be recursive.

2. Transform the specification into a functional equation for the associated
generating function.

3. Analyze the dominant singularities of the generating function to obtain the
needed asymptotics.
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The paper is organized as follows. In Section 2, we recall the basic definitions
and present some analytic tools. In Section 3, we study the generating function
associated to regular expressions. Section 4 is devoted to our main result. Finally,
a short discussion about the distribution is presented in Section 5.

Note that due to the lack of space, we can not show all the details of the
computations, but most of them are easily done with the help of a computer-
algebra system.

2 Preliminaries

2.1 Automata and regular expressions

An automaton defined on a finite alphabet A is a tuple (A, Q, T, I, F) where @ is
the finite set of states, T C @ x A x @ is the set of transitions, I C @ is the set of
initial states and F' C @ is the set of final states. We refer the reader unfamiliar
with basic notions of automata and regular languages to [8] for definitions and
fundamental results.

The set of nonempty regular expressions R on a finite alphabet A is a set of
words on the alphabet {e,-,*,U, (,)} U A defined inductively by: € € R, A C R,
(R)x € Rforall R € R, (R1-R2) and (R1URy) for every Ry, Ry € R. A language
defined on A is denoted by a regular expression of R when it is exactly the set
of words obtained by interpreting each symbol *, - or U as the corresponding
regular operation on sets of words. Let L(R) be the language denoted by R € R.
For convenience, we shall freely remove parenthesis symbols that are not needed
in an element of R. It is also often useful to see regular expressions as trees, with
this equivalent inductive definition:

ceeR

a€R Va € A

Il%SR VReR (1)
/N €R VRl,R2€R

R1.R2

A €R VYR,Re€R

R1 Rs

The size of an element of R is the number of nodes in its tree representation:

el=lal=1 [}|=1RI+1;
R

@] [ ]
ol = o = 1l 1Rl 1

Note that one usually add to R the symbol () that denotes the empty language.

For technical reasons it is slightly more convenient in this paper to work on
nonempty regular languages.

2.2 Glushkov’s automaton

Let m be the number of letter symbols in R, for R € R. We consider the
expression R obtained from R by distinguishing the letters with subscripts in
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{1,---,m}, marking them from left to right on its string representation, or
equivalently using depth-first order on its tree representation. For instance R =
b*-(aUb-b)* is changed into R = b - (azUbs-by)*. We denote by pos(R) the set of
subscripted letters in R: pos(R) = {b1, as,bs, by} in the example. We also denote
by v the function from pos(R) to A that removes the subscripts, v(az) = a for
instance.

Let First(R) and Last(R) be the sets defined by

First(R) = {a € pos(R) | 3u € L(R), u starts with the letter o}

Last(R) = {a € pos(R) | Ju € L(R), u ends with the letter o}

And for any letter « in pos(R), the set follow(R, «) is defined by

follow(R,a) = {8 € pos(R) | 3u € L(R), af is a factor of u}

The Glushkov’s automaton of R, also called the position automaton, is the
automaton Ar = (A,Q, T, {i}, F) with Q = pos(R) U {i}, F = Last(R) U {i} if
e € L(R) and F' = Last(R) otherwise, and T = {(i,v(a),®) | « € First(R)} U
{(a,v(B),B) | B € follow(R,)}. This classical construction provides an au-
tomaton that recognizes L(R).

Let Edges(R) be the set of pairs (a, 3) € pos(R)? such that 8 € follow(c).
The number of transitions in Ag is thus |First(R)| + |Edges(R)|. The set
Edges(R) can also be defined inductively as follows.

Edges(R) U Last(R) x First(R) (2)
) = Fdges(R,) U Edges(Rz2)
Edges ( A ) = Edges(R1) U Edges(Rs) U Last(Ry) x First(Rs)

53|
=
Q
)
v
/\g\
N—
Il

2.3 Generating functions

A combinatorial class C is a set of objects with a size function | - | from C to N
such that, for any n € N, the number ¢,, of objects of size n in C is finite. The
generating function C(z) of a combinatorial class C is the formal power series

C(z) = Z 21¢l = Z cnz"

cecC n>0

We also denote by [2"]C(z) = ¢, the coefficient of z™ in C(z).

Let C be a combinatorial class of generating function C(z) and let f : C — R
be a mapping from this class to R. The cost generating function F(z) of C
associated to f is

F(z)= Y f(C)I =3 fuz", with fu = > F(O)
cecC n=0 |g|e:Cn
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For a given n, the average value of f for the uniform distribution on the elements

of size n of C is therefore
[z"]F'(2)

[2"]C(2)

The following lemma, though trivial, will be useful throughout this article.

,U/n(cvf) =

Lemma 1. Let A and B be two combinatorial classes. Let f : A — R and
g : B — R be two mappings from A and B to R. The following property holds.

Y D (f(A) + (B = F(2)B(2) + A(2)G(2)

Ac A BeB

where A(z), B(z), F(z) and G(z) respectively denote the generating functions of
A and B and the cost generating functions associated to f and g.

2.4 Symbolic methods and transfer theorem

The symbolic methods were introduced in [9]. When they can be applied, they
directly and almost automatically build the generating functions associated to
combinatorial classes. The idea is to avoid recurrence formulas on the number
of objects by providing a dictionary that maps combinatorial constructions on
classes into constructions on generating functions. This dictionary covers a lot
of used constructions, and one can easily use it to describe combinatorial classes
such as trees, permutations, set partitions, integer partitions, random mappings,
etc. therefore obtaining directly their generating functions.

In this article we shall only use a small part of this dictionary, the most basic
one. If A = BUC are combinatorial classes such that B and C are disjoint, it
is direct to prove that the associated generating functions A(z), B(z) and C(z)
satisfy A(z) = B(z) + C(z). Moreover if A = B x C, one can see that A(z) =
B(z)C(z). We shall only need this two constructions here, but in this framework,
one can directly derive the generating functions of sequences of elements in
A, sets of elements in A, and so on. We refer the reader to P. Flajolet and
R. Sedgewick’s book for more informations about this topic [7].

Once the generating function is known, either in close or implicit form, sev-
eral theorems exist to compute asymptotic estimations of its coefficients. This
theorems mainly use the theory of complex analysis, seeing generating functions
as analytic functions from C to C. The main idea is that the asymptotics of the
coefficients of a generating function can be obtained by studying it around its
dominant singularities (its singularities of smallest moduli). Informally, given a
generating function A(z) of unique dominant singularity p, the transfer theo-
rem states under some analytic conditions that if A(z) ~ B(z) as z — p, then
[2"A(z) ~ [2"]B(z), for some useful functions B(z) whose coefficient asymp-
totics are well-known.

We use the notations of [7] to give a formal description of the theorem. Let
R >1and 0 < ¢ < 7/2 be two real numbers, the domain A(¢, R) is

A(p,R)={z€C||2|] <R, z# 1 and |Arg(z — 1)| > ¢}
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A domain is a A-domain at 1 if it is a A(¢, R) for some R and ¢. For a given
complex number ¢ # 0, a A-domain at ¢ is the image by the mapping z — (z
of a A-domain at 1. A function is A-analytic if it is analytic in some A-domain.

Theorem 1 (part of Transfer Theorem). Let a and 5 be real number and
let f(z) be a function that is A-analytic that satisfies, on the intersection of a
neighborhood of 1 and its A-domain, the condition

F(5) =0 ((1 e (log - )ﬁ>

then [2"]f(2) = o(n®!(logn)?).

Recall that Pringsheim’s Theorem states that if f(z) is representable at the
origin by a series expansion with nonnegative coefficients, one of its dominant
singularities, if any, is on RT. This theorem is useful as generating functions
always have nonnegative coefficients.

2.5 Analytic tools for this paper

The generating functions we shall study in this paper always have a unique domi-
nant singularity, which is therefore in R™ by Pringsheim’s theorem. For any fixed
alphabet size k, the dominant singularity of each generating function will always
be the same pg. Moreover, as they are all made of polynomials, quotients and
square roots, their analysis have a lot of similarities. In particular, all generating
functions satisfy one of the two conditions of the following proposition.

Proposition 1. Let f(2) be a function that is A-analytic at p € RT.
1. If on the intersection of a neighborhood of 1 and its A-domain,

f)=a—-by/1—2z/p+o(\/1—2/p), witha,be R, b#0

then [2"]f(z) #p’”nif’ﬂ.
2. If on the intersection of a neighborhood of 1 and its A-domain,

a 1
z) = 0 , witha €R, a#0
0=t vo( i ) o cm s

then [2"™]f(z) ~ %p*”n*/?

This proposition is a direct consequence of Theorem 1, using classical formulas
for the asymptotic of the coefficients of z — /I —z and z + (1 — z)~1/2,
If f(2) is a function which is A-analytic at p € R™, we say that f satisfies the
property II, or Ils at p if it satisfies the first or second condition of Proposition 1
respectively.

The computations involved here can be technical, but can be done almost
automatically (with the help of computer algebra software for the most complex
ones). It is always straightforward to check that this functions satisfy the analytic
conditions of Proposition 1. The value of a (and b) can also be computed, and
will be some functions of the size of the alphabet. In the rest of the paper, due
to the lack of space, most details of the computations will be omitted.
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3 Generating functions for regular expressions

In this section we apply the framework of analytic combinatorics to the classes
of regular expressions we are studying. From now on, the alphabet considered is
A={a1,...,ar}, where k > 1 is a positive integer.

3.1 General regular expressions

From Equation (1), one can use the symbolic method to obtain the following
specification

* U °
R=ece4+a1+ ---4ar+ 1+ /\ + /\
R RR TRR

And therefore, using the dictionary, one obtain the following equation for R(z),
the generating function associated to R:

R(2) = (k+ 1)z + 2R(2) + 22R?(2)

From which one can derive the following expression for R(z), using the fact that
its Taylor coefficients are nonnegative:

1—2z—+/A
R(z) = ZT]’C(Z)7 with Ak(z) =1—-92z— (7+ Sk)22
The unique dominant singularity of R(z) is py = %, and around py, one

has the following expansion of R(z)

R(z) = 1 P* —Zl;k\/ﬁ(zwo((uZ);)

4pi Pk

= T () e (5))

therefore, using Proposition 1, one can obtain an asymptotic equivalent to the
number of nonempty regular expressions.

Lemma 2. The number of elements of size n in R is asymptotically equivalent

e . V2(1—pn
to Crp,"n 32 with Cy, = ﬁ~

Note that if some generating function f(z) has a unique dominant singularity
on pi where we can apply Proposition 1, and satisfies as z — pg:

f(2) —a—fx/ﬂk ) +o(V1—2/pr)

then [2"]f(z) ~ b[z"|R(%). Therefore, for our computations, it is often more

convenient to obtain developments in terms of ;— —V/ Ag(z) instead of /1 — z/py.
The techniques are of course the same, since they only dlffer by a multiplicative

constant as z — py.
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3.2 Regular expressions of languages containing e

Denote by R. and Rz the regular expressions whose associated languages re-
spectively recognize and do not recognize the empty word. A specification of R.
is the following:

* @] U [
Re=ce+ 1+ N+ N + A (3)
R Re R Re Re

€ €

From which one can obtain the following expression:
z+ zR(2)
R ==
+(2) 1—2zR(2)
The dominant singularity of R.(z) is also pr and it satisfies IT; at p:

2%+ V2R T2 12k 4+ 4kv2R T2 VAR +O<< z)>

Re(2)=—h 15 (2k + 1)2 Apr =

Therefore, using Proposition 1 one can obtain an asymptotic equivalent to its
coefficients:

1 -2k + 4kv2k 42

["]Re(2) ~ Di[z"]R(2), with Dy, = (2k + 1)

(4)

Note that, as a consequence, the ratio of regular expressions whose denoted lan-
guage contains the empty word is asymptotically Dy. For a two-letters alphabet,
the value of Dy, is approximatively Dy = 0.664.

4 Main result

This section is devoted to the proof of our main theorem:

Theorem 2. The average number of transitions of the Glushkov’s automaton
associated to a reqular expression of size n, for the uniform distribution, is in

O(n).

4.1 Lower bound

First remark that if an expression R € R contains m letters, then its Glushkov’s
automaton has m + 1 states. Moreover, since it is accessible by construction, it
has at least m transitions. For R € R, let {(R) be the number of letters in R.
Let L(z) be the cost generating function of the number of letters in an element

Rof R:
L(z) = > (R)"
ReR

From Equation (1) and Lemma 1, we have

L(z) = kz+ 2L(2) + 22L(2)R(z) + 22L(2) R(2)
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Hence, using the fact that 1 — 2z — 42R(2) = \/Ar(2):

kz

L(z) = ——=
Ap(z)
Therefore, L(z) has a unique dominant singularity at pg and satisfy ITs at pg.
By Proposition 1,
kpi
2m(1 — px)

and the average number of letters in an element of size n of R is equivalent to
2 2

%n as n — oo. For k = 2, an approximation of fﬁ—p’z_ is 0.408. We conclude

that in average, the number of transitions in the Glushkov’s automaton of an

element of size n of R is in £2(n).

1/2

[2"]L(2) ~ P

4.2 Outline of the proof of the upper bound

In the following subsections we establish some results used to compute an upper
bound for the average number of transitions in a Glushkov’s automaton. As
stated before, the size of the Glushkov’s automaton associated to a nonempty
regular expression R € R is equal to the number of elements in First(R) plus
the number of elements in Edges(R). In the next subsection we prove that in
average, the size of First(R) tends towards a constant. For the remaining part,
we actually compute an upper bound of the size of Edges(R), not its exact
average cardinality. Define the function e : R — N by:

e(e) =0

e(a) =0 VYa € A

e (] )U: e(R) + |Last(R)| - |First(R)] VReR 5)
/ RQ) VRl, Ry eR

(
(

€ <R1 \Rz) - e(Rl) te
( Ro) + |Last(Ry)| - |First(Rs)| VRi, Ry € R

) =e(Ry) +e

Clearly e(R) is an upper bound of |Edges(R)|, since its definition is obtained
from the one of Edges, Equation (2), and the inequality | X UY| < | X|+ Y.

Let E(z) and F(z) be the cost generating functions of e and |First(-)| re-
spectively, and let P(z) be the following generating function

P(z) = 3 |First(R)| - |Last(R)|-/"
RER

Note that, by symmetry, F'(z) is also the cost generating function of last, F((z) =

> rer last(R)zIEL
Using Equation (5) and Lemma 1, one has

E(z) = 2E(2) + 2P(2) + 22R(2)E(2) + 22R(2)E(2) + 2F(2)*
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hence
(1 — 2 —42R(2))E(2) = 2P(2) + 2F(2)?

and as 1 — z — 4z2R(z) = / Ak (2), we finally obtain

2P(2) + 2F(2)?

PO = Ae

(6)

At this point we need more informations about P(z) and F(z) in order to con-
clude that [z"]E(z) = n O([2"]R(z)). They will be obtained in the next subsec-
tions.

4.3 The cost generating function F(z)

For an element R € R, let first(R) and last(R) denote respectively the car-
dinalities of the sets First(R) and Last(R). We analyze the average value of
first(R), for a regular expression R € R of size n. F(2) is the cost generating
function of first, and we also consider its restrictions F.(z) to R. and Fx(z)

to Rg:

F.(z)= Z tirst(R)z1®;  Fi(z) = Z first(R)zI
RER. RER=

For a given R € R, the value of first(R) can be computed inductively as

first(e) =0;
first(a) =1 Va e A
first (;I;) = first(R) VReR
first (R/U\R ) =first(Ry) + first(Ry) VR;,R2 €R (7)
1. 2
first R/\R =first(Ry) + first(R2) VR1 € R., VR € R
1. 2
first ( _/\ ) =first(Ry) VR € Rs, VR € R
R1 Ro

We consider the following specification of R
* U] . °
R=ctar+-tat ]+ + A+ 1

This specification can be transformed into a functional equation on cost gener-
ating functions using Lemma 1 and Equation (7). For instance, the construction

/\ _ produces the term:
R. R
z Z Z (first(Ry) + first(Ry))z 1212l = 2R (2)F(2) + 2F.(2)R(2)
R1€ER: R2€R

All computations and simplifications done, we obtain:

B kz
 1—2-32R(2) — 2R.(2)
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As R(z) and R.(z) are known, it is straightforward to obtain the expansion of
F(2) near its dominant singularity pj and to check that it satisfies IT; at pg:

F(2) = By — B2 +0<(1_Z)§> (8)

4pi Pk

with By = 1+ 2k +2 and Fj, = 12H6848V2kE2 " Hence, using Proposition 1,
one can prove the following proposition.

Proposition 2. For any fix integer k > 1, the average size of first tends

toward a constant Fj, = % V2k+2

Fy [2"]R(z).

, as n tends toward infinity: [z"]F(z) ~

For k = 2, an approximation of Fj is Fy ~ 21.8.

4.4 The cost generating function F.(z)

Similarly, one can use the specification of R. of Equation (3) to compute F.(z).
We obtain
2F(2) + 22R.(2)F(z)

1—2zR(2)

Fo(z) =
Once again, F(z) satisfies ITy at pj with

Ai(z) . 4k +1+V2k+2
~ A h =
Ior + of k(2)), with Gy, 1

FE(Z) = Gk — Hk

The expression of Hx > 0 in terms of k£ can also be computed, but is not needed
in the following.

4.5 The cost generating function of the product first X last

We analyze the average value of the product of first(R) and last(R), for a
regular expression R € R of size n. We consider the cost generating function
P(z) of this product, and its restriction P-(z) to R. and Ps(z) = P(z) — P:(2)
to Rg:

P.(z) = Z first(R) - last(R)zF;,  Po(z) = Z first(R) - last(R)z!F!
RER. RER=

We use the following specification of R:

* U] . . . .
R-eratotatle B h v h el el

€ € €
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The cost generating function associated to each term of the specification is com-

[ ]
puted separately. For instance, one has the following cost function for _/ ;z :

Z Z first( /.\ )last( /'\ )Zl+\R1\+|R2|
R1 R> Ri R>

R1€ER: R2€R=
=z Y Y (first(Ry)+ first(Ry))last(Ry)z!M 5!
R1€ER: R2E€ER=
=z » Y first(Ry)last(Ry)2 M1 4 2R (2) Po(2)
R1€R: R2ER=
= z2F.(2)Fz(2) + 2R (2) P=(2)

Using the same techniques for the other parts of the expression, we obtain:

k24 32F(2)° + 2F.(2)?
P(z) Tl — o — QZR(Z) - 2ZRE(Z)

From which, using the previous results, we conclude that P(z) satisfies IT; at pg
and that there exists some real numbers I and Jy such that, as z — pg,

P(z) = I — Ji/ Ar(2) + o(v/ Ar(2))

38k +77k+28+4(14k>+45k+20)v/2k+2
HTTk A28+ 14k +45k+20) V242 o0 q 7, > ().

with I, = STIUESY

4.6 Concluding the proof of Theorem 2

We can now analyze Equation (6). As both F(z) and P(z) satisfy IT;, so does
2P(2) + zF(z)?, since the constant term of its development near pj, is not zero.
Hence E(z) satisfies ITs at pj and Proposition 1 can be applied:

[2"E(2) ~ exn [z"]R(2)

The value of e, is not needed to prove the theorem, but is still an indication on
a bound of the average number of transitions in a Glushkov’s automaton:

o — 32k* 4 204k 4+ 406k* + 306k + 72 + (80k® + 230k? + 193k + 52)V/2k + 2
2k(k+1)(2k+ 1)(8k +T7)
For k = 2, an approximation of ey is e =~ 6.77.
The quantity [2"]E(z)/[2"]R(z) is an upper bound of the average cardinality
of Fdges and the average cardinality of First is bounded by Proposition 2,
therefore, by linearity of the average, the average number of transitions in a
Glushkov’s automaton is in O(n). This concludes the proof of Theorem 2.
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5 Remarks

In this paper we used the specification of regular expressions that directly follows
the inductive definition. One could try to use a more precise specification to
prevent some useless patterns in regular expressions to appear, as was done
for instance in [10] for enumeration purposes. Depending on the chosen such
rules, the analysis we conduct here could still be doable, but probably much
more complicated. Especially if the specification is not context-free (see [11] for
a related analysis). However, we believe that the result would be the same in
much cases. Indeed, the proofs of Theorem 2 and Proposition 2 are based on
the fact that for a non-negligible proportion of regular expressions, the denoted
language does not recognize the empty word, and that the average number of
concatenation operators is non-negligible. This must be true for most natural
specifications.

Also note that we could have used bivariate generating functions instead of
cost generating functions in this paper. The computations would have been the
same here, but this approach should be useful if one want to go one step further,
and try to obtain some informations not only about the average value, but also
about the limit distribution.

The author is supported by the ANR (GAMMA - project BLANO07-2_195422).

References

1. Sakarovitch, J.: The language, the expression, and the (small) automaton. In:
CIAA. Volume 3845 of LNCS. (2005) 15-30

2. Glushkov, V.M.: The abstract theory of automata. Russian Math. Surveys 16
(1961) 1-53

3. Hromkovic, J., Seibert, S., Wilke, T.: Translating regular expressions into small
epsilon-free nondeterministic finite automata. In: STACS. Volume 1200 of LNCS.
(1997) 55-66

4. Hagenah, C., Muscholl, A.: Computing epsilon-free NFA from regular expressions
in O(n log®(n)) time. ITA 34(4) (2000) 257-278

5. Ilie, L., Yu, S.: Constructing NFA s by optimal use of positions in regular expres-
sions. In: CPM. Volume 2373 of LNCS. (2002) 279288

6. Champarnaud, J.M., Nicart, F., Ziadi, D.: Computing the follow automaton of an
expression. In: CIAA. Volume 3317 of LNCS. (2004) 90-101

7. Flajolet, P., Sedgewick, R.: Analytic Combinatorics. Cambridge University Press
(2008)

8. Hopcroft, J.E., Ullman, J.D.: Introduction to Automata Theory, Languages, and
Computation. Addison-Wesley (1979)

9. Flajolet, P., Odlyzko, A.M.: The average height of binary trees and other simple
trees. J. Comput. Syst. Sci. 25(2) (1982) 171-213

10. Lee, J., Shallit, J.: Enumerating regular expressions and their languages. In: CIAA.
Volume 3317 of LNCS. (2004) 2-22

11. Ferniandez-Camacho, M.I., Steyaert, J.M.: Algebraic simplification in computer
algebra: An analysis of bottom-up algorithms. TCS 74(3) (1990) 273-298



