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Searching problem

* Input
— alist L of n strings of ¥* stored in increasing lexicographic
order in a table: Ly < L1 <---< L,
a string z € ¥* of length m.
*  Simple problem
find
— either 4, —1 <7 < n, with x = L; if £ occurs in L,
~ ordand f, =1 < d < f < n, that satisfy d + 1 = f and
L; < x < Ly otherwise.
* Interval
find d and f, =1 < d < f < n, with:
d < i < fif and only if z prefix of L;.
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Example

Ly=aabbbb
Ly=ab

Li=b aaa
L:;=b b

*  Search

r=aaabb—1
r=aaba—(1,2)
*x  Interval

r=aa— (—1,3)
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Searching algorithm

SIMPLE-SEARCH(L, n, z,m)
d<+— -1
f+<n
while d+1 < f do > Invariant: Ly <z < Ly
i (d+f)/2]
0 |lep(z, L)
if /=m and ¢ = |L;| then
return ¢
elseif (¢ =|L;|) or (¢ # m and L;[{] < z[(]) then
d<—1
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else f+ i
return (d, f)

—_
—_
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Complexity

* Running time
O(m x logn)

*  Worst case
~ list L =(a"'p,a™ tc,a™1d,...)
—  string z = a™

* Additional space

constant
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Binary search tree

* Nodes
n + 1 external nodes (—1,0),(0,1),(1,2),...,(n —1,n)
n internal nodes in the form (d, f) with d+1 < f
children of (d, f): (d, |[(d+ f)/2]) and ([(d + f)/2], f)

root: (—1,n)
*  Size
2n + 1 nodes for a list of n strings

* Example for n =06

~1,0)
(0,2 <_
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Search using LCP’s

* Aim
reduce the running time to O(m + logn)

* LCP, longest common prefix
lep(Lg, Ly) known for any pair (d, f) considered in the binary
search

* Additional space: O(n) integers for the 2n+1 LCP’s associated
with nodes of the binary search tree

*  Algorithm based on properties arising in three cases (plus sym-
metric cases)

*  Variables
ld = |lep(x, Lq)|, If = |lep(x, Ly)|, i = | (d + f)/2]

maintained during execution
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Case one

*  Hypotheses
Ly <x < Lyand ld < |lep(L;, Ly)| < If
*  Example

L; aaaca r aabbbaa
aaacba

L; aabbaba
aabblabb

Lfﬁaabbibab r aabbbaa

Conclusion
L; < x < Ly and |lep(x, L;)| = |lep(Li, Ly)|

>
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Case two

*  Hypotheses
Ly<x< Lf and Id < If < |lcp(L7;, Lf)|
* Example

L;aaaca r aabach
aaacba
L; aabbaba
aabblabb
L;aabbbab r aabach

*  Conclusion
Ly < x < L and |lep(x, L;)| = |lep(x, Ly)|
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Case three I

*  Hypotheses
Lg<x < Lyand ld < If=|lep(L;, Ly)|
*  Example

L; aaaca r aabbab
aaacba
L; aabbaba
aabblabb
Lfﬁaabbibab r aabbab

*x  Conclusion

compare z and L; from position [f
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Improved searching algorithm

SEARCH(L, n, Lep, x,m)
1 (d,ld) < (-1,0)
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2 (f. 1) < (n,0)

3 whiled+1< f do > Invariant : Ly < x < Ly

L e d+ 2

5 if ld < Lep(i, f) < If then

6 (d, 1d) (i, Len(i, 1))

7 elseif ld < If < Lep(i, f) then

8 fi

9 elseif f < Lep(d, i) < ld then

10 (f, 1) < (4, Lep(d, i)

11 elseif If < ld < Lep(d, i) then

12 d<i

13 else ¢ «+ max{ld, If}

14 O 0+ |lep(z[..m — 1], L[ . .| L;| — 1])]
15 if £ =m and ¢ = |L;| then

16 return ¢

17 elseif (¢ =|L;|) or (¢ # m and L;[{] < z[¢]) then
18 (d, ld) + (i,0)

19 else (f,1f) + (i,0)
20 return (d, f)

11
Complexity

Proposition 1 Algorithm SEARCH finds a string x of length m
in a sorted list of n strings in time O(m + logn).
It makes no more than m + [log(n + 1) comparisons of letters.

It requires O(n) extra space.

Sketch of the proof

Number of letter comparisons:

% each positive comparison strictly increases ¢, yielding no more than

m such comparisons.

* each negative comparison leads to divide by two the value of f—d,

producing no more than [log(n + 1)] such comparisons.

LcP can be implemented to run in constant time after preprocessing,.
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Interval

1 > next line replaces line 15 of SEARCH
2 if / =m then
3 > next lines replace line 16 of SEARCH
4 €1
5 while d+ 1 < e do
6 J [d+e)/2]
7 if Lep(j,e) < m then
8 d+j
9 else e < j
10 if Lep(d, e) > m then
11 d + max{d —1,—-1}
12 €1
13 while e +1 < f do
11 j e Le+ D)2
15 if Lep(e,j) < m then
16 f+<7
17 else e < j
18 if Lep(e, f) > m then
19 f < min{f +1,n}
20 return (d, f)
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Preprocessing the list

Let [| || = =75 | L.
*  Sorting
repetitive application of bin sorting: time O(||L]|)
*x  Computing LCP’s of Ly_jand Ly, 0 < f <n
straight algorithm: time O(||L|])
* Computing other LCP’s

based on next lemma

Lemma 1 Let Lo < L1 < ... < L, 1. Letd, i and f, —1 < d <
i < f<mn. Then |lep(Lg, Ly)| = min{|lep(Lq, L;)|, |lep(L;, Lf)|}.

Proposition 2 Preprocessing L, sorting and computing LCP’s,
takes O(||L||) time.
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