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1. Borders and overlaps

Given a word u = u[0 .. m — 1], its table Border is defined by: Border[0] = —1, and
Border[j] = the maximal length of (proper) borders of u[0 .. j — 1] for 0 < j < m.

a. Give the table Border associated with the word abaabaaabaa.

[10 marks]
Answer
il]0 123 45 6 7 89 10 11 12 13 14
zij| a b a a b a a a b a a
Borderfi] | -1 0 0 1 1 2 3 4 1 2 3 4

. Let z and y be two strings on the alphabet {a,b}. Show how to find the positions

of the occurrences of = in y using the table Border associated with the string zcy
(c is a letter different from a and b).

[10 marks]

Answer

Note that Border[i] < |x| because the letter c does not appear in y. If a positions i on
y is such that Border[i] = |z| then z is a suffix of zcy[0 .. ¢] and then of y[0 .. i]. So, =
occurs in y at position i — |z| + 1. [5 marks]

Conversely, if « occurs in y at position j, then z is a border of zcy[0 .. 4| for i = j+|z|—1
because the border cannot be longer than z. Thus Border|[i] = |z|. [5 marks]
Conclusion: condition Border[i] = |z| can be used to signal occurrences of x in y.

. The overlap between x and y, ov(z,y), is the longest word that is both a prefix of

x and a suffix of y. How would you find ov(z, y) using the table Border associated
with the string zcy? How would you do it using the table Border associated with
the string 2?

[15 marks]

Answer

Let k = Border[|z| + |y| + 2], then ov(z,y) = z[0 .. k — 1]. [5 marks]
With the table Border associated with the string x, apply MP algorithm until j = |y|+1;
then ov(z,y) = [0 .. i — 1]. [10 marks]

SEE NEXT PAGE
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d. Design in pseudo-code an algorithm that computes the table Border of the word
x. State and prove its running time.

[15 marks]

Answer

COMPUTE_BORDERS(string z;integer m)
1 Border[0] « —1

2 fori—Otom—1

3 do j < Border]i]

4 while j > 0 and z[i] # z[j]

5 do j — Border[j]

6 Borderi+1] «— j+1

7 return Border

[8 marks]

The algorithm runs in time O(m). [3 marks]

Indeed, the running time is proportional to the number of symbol comparisons done
at Line 4. Each positive comparison leads to an increment of variable ¢ which values
are in increasing order. Each negative comparison leads to an increment of expression
1 — 7 which values are in increasing order. So, there are at most 2m comparisons, which
proves the result. [4 marks]

SEE NEXT PAGE
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2. String-Matching Automaton
Let ¥ be the alphabet {a,b,c}. For z € ¥*, the string-matching automaton of z,
SMA(z), is the minimal deterministic automaton accepting the language >*z.

a. Design the automaton SMA(abbaaba).
[10 marks]

Answer

All arcs labelled with c lead to the initial state.

b. Describe in pseudo-language how to transform SMA(x) to get SMA(xza) for a
word x and a letter a.

[20 marks]

Answer
In the algorithm below assume that the SMA z is described by the 5-tuple

(Q, X, initial, {terminal}, §)

UPDATESMA(SM A x, char a)

r «— d(terminal, a)

add new state s to

d(terminal,a) «— s

foralloc e X

do (s,0) « o(r,0)

terminal «— s

return (Q, X, initial, {terminal}, o)

<O Otk W

c. Define the notion of a backward arc in SMA(x) and state the bounds on the
number of them.

[10 marks]

Answer

States being prefixes of x, a backward arc is of the form (u,a,va) where u and va are
prefixes of z, ua is not a prefix of z, and v is the longest suffix of « having this property.
The number of backward arcs is between 0 and |z|.

SEE NEXT PAGE
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d. State the time and space complexities of searching y for  with SMA(x) both
when the complete automaton is used with a transition table, and when only

significant arcs are implemented.

Answer

[10 marks]
Complete Only Significant
Preprocessing on pattern | time | O(m X cardX) | O(m)
space | O(m x cardX) | O(m)
Search on text time | O(n) O(n)
space | O(m x card¥) | O(m)

SEE NEXT PAGE
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3. Searching a list of strings Consider a list of strings L = (y1,42,...,y;) in lexico-

graphic order: y; < yp < --- < y. Let z be another string that is to be found in the
list L. All strings x and 3’s have the same length.

a. What is the asymptotic running time of a binary search for z in L if no extra

information on the strings 3’s is known? Give a “worst-case” example to your
answer.

[15 marks]

Answer

The asymptotic cost of a binary search for the string x of length n in the list L of k lex-
icographically sorted strings y; is O(nlog k) time. A "worst-case” example could be the
search for x = bbb ...bin the list L = (aaa...a,aaa...b,aaa...bb,aaa ... bbb, ... bbb...b)

. For two strings v and v, lcp(u, v) denotes the maximum length of their common

prefixes. Let ¢ = lep(x,y1), r = lep(z,yx), and i@ = [(k + 1)/2|. Assume that
y1 <z < y; and ¢ > r. How does = compare with y; when ¢ < lcp(y1,y;) and
¢ > lep(y1, y;) respectively?

[15 marks]

Answer

Assume that [ > r and that [ < lep(y1, yi)-

Thenlet u =y [1...1], 0 = yi[l+ 1], 7 = y;[l + 1]. Then w7 is a prefix of z and o < 7. This
implies that y; < = < y,. Now assume that ! > r and | > lep(y1, ;).

In this case,we have that o # 7 and o0 < 7 which implies that y; < z < y;.

. State the cost of the binary search algorithm based on the use of longest common

prefixes of (non-empty) suffixes of y/’s.

[10 marks]

Answer

Running a binary search for a string = of length m by using the longest common prefixes
of the n sorted suffixes of y takes O(m + logn) time.

. How many longest common prefixes of suffixes of y need to be preprocessed to

run the binary search of 3.c?
[10 marks]

Answer

The binary tree has n + 1 leaves and n internal nodes. Since we need an lcp value
for each node, 2n + 1 values need to be preporcessed before running the binary search
algorithm.

SEE NEXT PAGE
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4. Doubling

Let y be a fixed text of length n. Recall that, for a word u, Firsty(u) is u if |u| < k and
is u[0..k — 1] otherwise. Recall also that Ry[i] is the rank of First;(y[i.n — 1]) inside
the ordered list of all Firsty(u), u non-empty suffix of y (ranks are numbered from 0).

a. Give Ry, Rs, R3, R4, Rg for the word aababbabba, assuming a < b.

[10 marks]
Answer
i 01 2 3 4 5 6 7 8 9
yli] a a b a b b a b b a
Riij/0 0 1. 0 1 1 0 1 1 0
RJi]|1 2 3 2 4 3 2 4 3 0
Rsli]|1 2 5 3 6 5 3 6 4 0
Ryi]|1 2 5 3 7 5 3 6 4 0
Rsli]|1 2 7 4 9 6 3 8 5 0
. State the doubling lemma and prove it.
[15 marks]

Answer

Lemma 1 Rankqy[i] is the rank of (Rankyi], Ranky[i + k]|) in the ordered list of these
pairs.

Proof. Let i be a position on y and let u = Flirsto,(y[i .. n — 1]). Let j be a position
on y and let v = Firstar(y[i .. n — 1]). We show that v < v, which is equivalent to
Rankoi[i] < Rankoglj), iff (Ranky[i], Ranki[i + k]) < (Ranky[j], Ranky[j + k]). First case:
Firsty(u) < Firsti(v) is equivalent to Ranky[i] < Ranky[j] so the result holds in this
case. Second case: Firsty(u) = Firsty(v) is equivalent to Ranky[i] = Ranky[j]. Then the
comparison between u and v depends only on the second halves of these words; in other
terms, Ranksy[i] < Rankoy[j] is equivalent to Ranky[i + k] < Ranky[j + k]

. Design an efficient algorithm to compute Ry, from Ry,

[15 marks]

Answer

Two steps: first sort positions i according to the pairs (Ry[i], Ri[i+k]); then the same Ry
assign rank to positions associated with the same pair. First step can be implemented
by bucket sort in linear time, second step is obvious and run also in linear time.

. State the complexity of the algorithm based on Question 5.c to compute Ry, R,

R4, ..., Ro, where k is the smallest integer satisfying the inequality n < 2.
Explain your answer.

[10 marks]

Answer

It is O(n x logn) because there are [logn] steps and each step can be implemented to
run in O(n) time using bin sorting.

SEE NEXT PAGE
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5. Word transformation
Let x = z[0]z[1] - - - z[m — 1] be a word of length m. For an integer i, 0 < i < m, the
i-rotation of x is the word z[i|z[i + 1] - - - x[m — 1]z[0]z[1] - - - z[i — 1]. We assume in this
question that the m rotations of = are pairwise distinct and that x is the smallest of
them according to the lexicographic order.

The BW matrix of =, denoted by BW (x), is the m x m matrix whose lines are the
rotations of z in lexicographic order.

The BW transform of =, denoted by L(z), is the last column of the BW matrix. (It is
a word of length m.)

a. Give the BW matrix of the word = = aabbab. Give T'(aabbab).

[5 marks]

Answer

a a b b a b

a b a a b b

a b b a b a
BW (aabbab) = b aabb a

b a b a a b

b b a b a a

T'(aabbab) = bbaaba

b. How would you compute the BW matrix of 2?
What would be the running time of the algorithm both if the alphabet is bounded
and if it is unbounded?

[15 marks]

Answer

Rotations of x are segments of length m of the word =’ = z[1]z[2] - - - [m—1]z[0]z[1] - - - x[m—
1]. Sorting the suffixes of this word gives the answer. [6 marks]

On an unbounded alphabet, suffixes can be sorted either by using the suffix tree or the
suffix automaton of z’, which is done in O(m x loga) time, where « is the size of the
alphabet of x. [10 marks]

On a bounded alphabet, suffixes can be sorted with the suffix array of =’ which requires
O(m) time. [5 marks]

c. Let a be a letter and u, v be two different strings of the same length. Prove that
au < av if and only ua < va.

[10 marks]

Answer

Let w be the longest common prefix of « and v. Since u # v, w is a proper prefix of u
and of v. Then, u = wbu’ and v = wev’ for some letters b, c and some words v/, v'. The
condition au < av is equivalent to b < ¢, because aw is the longest prefix of au and av,
which is equivalent to © < v and to ua < va, because none of u and v is a prefix of the
other.

SEE NEXT PAGE
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d. Let F'(x) be the first column of BW (z). Let a be any letter occurring in z. Show

that the rank of this letter among occurrences of a’s in F'(z) is equal to its rank
among occurrences of ¢’s in L(x). [Hint: use Question 5.c.]

[10 marks]

Answer

The occurrence of a in F'(z) is associated with a rotation au of x. Consider an occurrence
of a in F'(x) associated with the rotation av and of higher rank among occurrences of a’s
in F(z). By definition of BW (z) we have au < av, and then ua < va by Question 5.c.
Therefore the rank of the second occurrence of « among occurrences of ¢’s in L(x) is also
higher in L(z). Which gives the conclusion.

. Note that letters in F'(x) are in non-decreasing order and that if L(z)[k] = z[i],

0 <i<m—2,then z[i + 1] = F(z)[k]. Describe how to compute x from L(x).
[10 marks]

Answer

First compute F(z) by sorting the letter of L(x).

The first letter of = is L(x)[0].

Assume that the letter z[i] has been computed. The next letter x[i + 1] can be computed
as follows: let L(x)[k] be the letter having the same rank among occurrences of z[i]’s in
L(z) as its rank among occurrences of z[i|’s in F'(z); then z[i + 1] = F(x)[k].

FINAL PAGE



