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1. Borders and overlaps

Given a word u = u[0 : : m � 1℄, its table Border is defined by: Border [0℄ = �1, andBorder [j℄ = the maximal length of (proper) borders of u[0 : : j � 1℄ for 0 < j � m.

a. Give the table Border associated with the word abaababbaabaa.

[10 marks]

Answer i 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14x[i℄ a b a a b  a b b a a b a aBorder[i℄ �1 0 0 1 1 2 0 1 2 0 1 1 2 3 4
b. Let x and y be two strings on the alphabet fa; bg. Show how to find the positions

of the occurrences of x in y using the table Border associated with the string xy
( is a letter different from a and b).

[10 marks]

Answer

Note that Border [i℄ � jxj because the letter  does not appear in y. If a positions i ony is such that Border [i℄ = jxj then x is a suffix of xy[0 : : i℄ and then of y[0 : : i℄. So, x
occurs in y at position i� jxj+ 1. [5 marks]

Conversely, if x occurs in y at position j, then x is a border of xy[0 : : i℄ for i = j+ jxj�1
because the border cannot be longer than x. Thus Border [i℄ = jxj. [5 marks]

Conclusion: condition Border [i℄ = jxj can be used to signal occurrences of x in y.

c. The overlap between x and y, ov(x; y), is the longest word that is both a prefix ofx and a suffix of y. How would you find ov(x; y) using the table Border associated

with the string xy? How would you do it using the table Border associated with

the string x?

[15 marks]

Answer

Let k = Border [jxj + jyj+ 2℄, then ov(x; y) = x[0 : : k � 1℄. [5 marks]

With the table Border associated with the string x, apply MP algorithm until j = jyj+1;

then ov(x; y) = x[0 : : i� 1℄. [10 marks]

SEE NEXT PAGE
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d. Design in pseudo-code an algorithm that computes the table Border of the wordx. State and prove its running time.

[15 marks]

Answer

COMPUTE BORDERS(string x; integer m)
1 Border[0℄ �1
2 for i 0 to m� 1
3 do j  Border[i℄
4 while j � 0 and x[i℄ 6= x[j℄
5 do j  Border[j℄
6 Border[i + 1℄ j + 1
7 return Border

[8 marks]

The algorithm runs in time O(m). [3 marks]

Indeed, the running time is proportional to the number of symbol comparisons done

at Line 4. Each positive comparison leads to an increment of variable i which values

are in increasing order. Each negative comparison leads to an increment of expressioni� j which values are in increasing order. So, there are at most 2m comparisons, which

proves the result. [4 marks]

SEE NEXT PAGE
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2. Dictionary-matching automaton

a. Design the dictionary-matching automaton (DMA) over the alphabet� = fa; b; g
for the dictionary of strings: fabababa; aabb; baba; abg.

[15 marks]

Answer

! a b a b a b aa b b
b a b a

b. Define what is the failure link of a state of the DMA automaton.

Describe in pseudo-code the search procedure for finding in a text all the occur-

rences of patterns of the dictionary using its DMA automaton.

[15 marks]

Answer

The failure link is defined as follows: Suppose that in the DMA automaton, state qi
represents the string si and state qj represents the string sj . Then the failure link of

the state qi points to the state qj , f(qi) = qj , if and only if sj is the longest proper suffix

of si that is also a prefix of some keyword x 2 X . [5 marks]

The search procedure using the DMA automaton is based by the following procedure

for moving from one state to another according to the current symbol being read from

the text. Let p 2 Q be a state of the automaton, f be the failure link, and � 2 � be a

symbol of the alphabet.Next State(p; �)
if (�; q) in the list p! list then

return q;

else if p! f non NULL then

return Next State(p! f; �)
else return initial state;

[10 marks]

SEE NEXT PAGE
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c. Describe in detail how the failure link of a state is computed during the con-

struction of the DMA automaton.

[20 marks]

Answer

Assume that we want to compute the failure link of node q. Also assume that parent ofq is the node p and that the arc connecting the nodes p and q is labelled by the character� . Then the failure link f(q) of the node q is given byf(q) = NEXTSTATE(f(p); �)
if f(p) is defined, otherwise f(q) = q0, where q0 is the initial state (NEXTSTATE(p; Æ) is

the function described in 3.b). The initial state has no failure link.

Also, note that if f(q) is a terminal state, q has to be set to terminal, too.

SEE NEXT PAGE
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3. From Suffix Array to Suffix Tree

a. Define the data structure called the suffix array of a string y of length n.

[10 marks]

Answer

It is composed of two tables p and LCP such thaty[p[0℄ : : n� 1℄ < y[p[1℄ : : n� 1℄ < : : : < y[p[n� 1℄ : : n� 1℄
and

LCP[i℄ = jlcp(y[p[i� 1℄ : : n� 1℄; y[p[i℄ : : n� 1℄)j:
b. Describe in your own words how to compute the LCP (longest common prefix)

table associated with the suffix array of y using its suffix tree.

[15 marks]

Answer

The depth of the deepest internal node between the consecutive suffixes is their LCP.

Its computation is done during a traversal of the tree in which letters are processed in

lexicographic order.

c. Describe in detail how to build the suffix tree of y using its suffix array.

[15 marks]

Answer

It uses the relation between LCP’s and depth of internal nodes. Let p be the current

node of depth k and let s be the suffix to be inserted in the tree.

There are three cases: if the LCP between s and its previous suffix in the suffix array

is equal to k, add a new node and an arc from p to this node labeled by s[k : : n � 1℄. [5

marks]

If the LCP is greater than k, add a new node q in the middle of the last arc from p, and

label the two resulting arcs with s[k : : LCP� k� 1℄ and s[LCP� k : : n� 1℄ respectively.

[5 marks]

If the LCP is smaller than k, find an lowest ancestor of p satisfying one of the above

conditions. [5 marks]

d. What is the running time of your solution of Question 3.c? Does it depend on

the size of the alphabet?

[10 marks]

Answer

Running time is O(jyj) [6 marks] independently of the alphabet size. [4 marks]

SEE NEXT PAGE
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4. Suffix automaton

a. Design SA(abbb), the suffix automaton of the string abbb.

[10 marks]

Answer! 0 1 2 3 4 56a b b  b
b b

b. Indicate how the automaton of question 4.a is modified to get SA(abbb).
[10 marks]

Answer! 0 1 2 3 4 56 7
8

a b b  b b  b b
c. Let p be a state of SA(y), for a string y. Let SAp(y) be the automaton obtained

from SA(y) by considering p as the only initial state. How do you characterize

the words accepted by the automaton SAp(y)?
[10 marks]

Answer

Words accepted by SAp(y) are suffixes of y that start with any of the words labeling

paths from the initial state to p.

SEE NEXT PAGE
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d. Let p be a state of SA(y) and let SAp(y) be as in question 4.c. Consider that all

states of SA(y) (and then SAp(y)) are terminal. Let X(p) be the number of words

accepted by SAp(y). Give a recurrence relation to compute X(p) from the X(q)’s
where q’s are targets of transitions from p.

[10 marks]

Answer X [p℄ = � 1 if deg(p) = 0,1 +P(p;v;q)2F (jvj � 1 +X [q℄) otherwise,

where F is the set of arcs of the automaton.

e. What is the complexity of an algorithm that computes the number of strings

accepted by SA(y) using the recurrence of question 4.d? Explain why.

[10 marks]

Answer

It is O(jyj). [3 marks]

The computation is done during a traversal of the automaton starting in state p. Since

no transition is executed, if the implementation is by lists of successors, the running

time is O(jyj). [7 marks]

SEE NEXT PAGE
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5. Regular matching

a. Design the non-deterministic automaton A associated with the regular expres-

sion (a+ b)�ab and obtained by Thompson’s construction.

[10 marks]

Answer

75
1 23 4 68 9 10 11 12

ab a b
b. Describe data structures to efficiently implement the automata obtained by

Thompson’s construction.

[10 marks]

Answer

Use an array T indexed by states T [p℄ = (a; q) or (�; q; r), where a is a symbol, q and r
are targets of arcs from p.

c. Simulate the regular pattern matching algorithm using the automaton A of

question 5.a on the string aabbab.

[10 marks]

Answer

Initial state: f1; 3; 5; 7; 8; 9g
State after reading a: f1; 2; 3; 5; 6; 8; 9; 10; 11g
State after reading a: f1; 2; 3; 5; 6; 8; 9; 10; 11g
State after reading b: f1; 3; 4; 5; 6; 8; 9; 12g
State after reading b: f1; 3; 4; 5; 6; 8; 9; 12g
State after reading a: f1; 2; 3; 5; 6; 8; 9; 10; 11g
State after reading b: f1; 3; 4; 5; 6; 8; 9; 12g
Since the terminal state 12 is reached, the word is accepted by the automaton, which

means that it belongs to the language described by the regular expression.

SEE NEXT PAGE
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d. Design the automaton obtained by transforming using the subset construction

the automaton A of question 5.a into a deterministic automaton.

[10 marks]

Answer

1 23 4ab baab
ab

e. Discuss the complexity of matching regular patterns with Thompson’s automata

or their deterministic versions.

[10 marks]

Answer

Searching for a regular expression of size r in a text of length n.

Thompson’s: time O(rn), space O(r)
Deterministic automaton: time O(n), space O(2r).

FINAL PAGE


