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1. Introduction

Squarefree morphisms, i.e. morphisms that preserve squarefreeness of words,
have been a subject of interest since the works of Thue [8]. They are a powerful
tool to prove properties on squarefree words and are used in particular to prove
the existence of infinite sequences without repetition. The study of squarefree words
is connected with questions in algebra and game theory, and recently several results
have been published on that topic [2-7].

In this note we prove the following theorem: “A semigroup morphism defined
on a three letter alphabet is squarefree iff the images of the squarefree words of
length § are squarefree”.

The first effective characterization of squarefree morphisms has been given by
Berstel [2] who found a bound (on the length of words to check) depending on the
morphism. We improve his result in the general case (not only for three letters)
and obtain the above theorem as a consequence.

On a related subject, i.e. morphisms defined on a three letter alphabet and which
generate infinite squarefree sequences by iteration, Karhumiki [6] gave a bound
independent from the morphism.

We also show that the bound 5 in our theorem is optimal and that on a greater
alphabet such a resuit does not exist.

2. Definitions

Given an alphabet A, the free semigroup generated by A is denoted by A", By
adjunction of the empty word 1 we get A*.
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The length of a word w in A* is denoted by |w|. If a word w is equal to aupB
for words a, B, u in A*, u is said to be a factor of w; it is a prefix of w if a =1,
a suffix of w if B = 1, and an internal factor of w if neither a nor 8 are empty words.

A word w contains a square if it can be written au’B with a non empty word
u; otherwise it is squarefree.

Let A and B be two alphabets; a semigroup morphism #:A" > B" is called
k-squarefree (for an integer k = 1) if for any squarefree word w in A* with |w|<k,
h(w) is squarefree. A morphism is squarefree if it is co-squarefree.

We also introduce the notion of a pre-square with respect to a morphism A: iet
w be a squarefree word in A" and u a factor of A(w); an occurrence of u in h(w)
is given by words «, B in A* such that h(w) = aup; that occurrence of u is called
a pre-square if 4 # 1 and if there exists a word w’ in A* satisfying:

ww' is squarefree and u is a prefix of Bh(w') or w'w is squarefree and u is a
suffix of A(w')a.

In that case we also say that #(w) contains a pre-square, and that w' duplicates
the pre-square u of h(w).

It may ve noted that if #(w) includes a square it contains a pre-square.

3. Charscterizations of squarefree morphisms

The result mentioned in the introduction is a consequence of Theorem 2 below
which gives a precise characterization of squarefree morphisms. Theorem 2 is an
improvement on Theorem 1 which is proved first. Both theorems use the notion
of pre-square and lead to efficient algorithms for testing squarefreeness of morph-
isms (on finite alphabets).

Theorem 1. {{A|=2), A morphism: h: A" - B" is squarefree iff for all distinct letters
a, bin A, h(ab) contains no pre-squcre.

Proof. We will prove that if / is not squarefree then there is a pre-square in the
image of a word ab of length two, with a # b.

Letbe w =a,a,. .. a. asquarefree word in A™ such that h(w)= auzi', for some
u in B” and a, ¥ in B*. It can be assumed that « is a prefix of A(a,) with a # h(a,),
and that ¥ is a suffix of /i (a;) with ¥ # h(ax).

Let us define j as the ieast integer for which au is a prefix of h(a; ... a;); and
let B be the suffix of h(c;) which satisfies h(a; . . . a,) = aup.

We denote by @, B, vy the words defined by the relations: h(a,) = ad, h(a;) = Bﬁ,
h(ax)=vy. The words a, B and y are not empty.

If 1<j<2or k—1=/=<k, then the conclusion holds. Thus, in the following j is
assumed to be strictly between 2 and k —1.

Two cases are first examined in which &, 8 on one hand and B, y on the other
are assumed to be of the same length; this impiies @ =8 since these words are
both prefixes of u; we also have £ = y as suffixes of u.
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Case 1: 1t a; is different from a, and ai, then h(aia;a,) includes the square
=8 = By. The conclusion holds.

Case 2: If for instance a,=a,;, let i be the least integer with a; # a;4;-,. This
integer exists and is strictly between 1 and the minimum of j and 'k —j + 1, otherwise
w itself would be a square. In that situation, /(a;) and h(a;.;-1) are prefixes of a
same suffix of u. Then, one of them is a prefix of the other, which means that
h(aa;+;-1) or h(a;+;-1a;) contain a square.

There are several cases still to examine where |&| |8]. The cases where |8 #|v|
can be handled symmetrically.

First, & is assumed to be of smaller length than B. Since both are prefixes of u,
we can find a word & in B" satisfying a6 = 8.

Case 3: a,#a,. 6 is a prefix of h(a,...a;). Let i be the least integer such that
8 is a prefix of h(a;...a;). The word & being a factor of 4 (a;) if the letter a; has
an occurrence in a, . . . ;, then it appears only once and a; = a; necessarily. Adding
to that fact the squarefreeness of a, . .. a; we deduce that a;a, . .. a; is squarefree.
Then h(a;ja,) contains a pre-square which is an occurrence of 6.

Case 4: a,= a;. From j >2 we deduce that /(a,) is a factor of u. So the non-empty
word (Ba)’ is a prefix of k(a,. . . ax). Thus, h(a;a;.1) has a pre-square.

Finally let us assume |@|> |3, and define & by & = 5.

Case 5: ay# aj+1. The word & is a prefix of h(a;.1 ... ac). If i is the least integer
greater than j+ 1 such that § is a prefix of h(a;.1 ... a;), then 41,1042 ... a; is
squarefree for the same reason as in Case 3. therefore, h(aia;.1) contains a
pre-square which is an occurrence of 6.

Case 6: a, = a;+, and af # 1. The word h(a;.,) is a factor of u because j <k.
The non-empty word (af3)” is then a prefix of #(a; . . . ;) which means that k(a\a>)
includes a pre-square.

Case 7: afi =1. This implies u = h(a; ... a;). As in Case 2, there must exists an
integer i between 1 and the minimum of j and k - such that a; # a;,; and one of
the two words, h(a;), h(a;+i), is a prefix of the other. If there were no such i, w
itself would be a square. Therefore, h(aa;.:) or h(a;.a;) contains a square.

Theorem 2. A morphism h: A" > B" is squarefree iff:
(i) h is 3-squarefree;
(ii) for any a in A, h(a) does not have any internal pre-square.

Proof. We have to show that a non-squarefree morphism catisfies {noni) or
(non ii). By Theorem 1, we consider two different letters a and b and a factor u
of h(ab) with a pre-square occurrence. 1here exists aword w =¢; . .. cx of minimal
length such that abw is squarefree and u? is a factor of h(abw). It can be supposed
that k > 1, otherwise (non i) holds.

In the two first cases the pre-square in h(ab) is assumed not to be in h(a) nor
in h(b). There are words «, 8 in B* and &, 8 in B” such that: h(a) = ad, h(b) = BB,

u=apg.
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Case 1: |B'<|&|. As @ and B are prefixes of u we may define 4 by the relation
a= ﬁ&. This word § is a prefix of h(c: ... c;) for a teast integer /. If ¢; # a, (non i)
holds because h(ac,) contains a square. If ¢; = a and § > 1, then ac;_c; is squarefree
and h(ac;_c;) contains a square; so (non i) holds again. If § is a prefix of h{c;) and
¢1 = g, by the minimality of |w| and the assumption on k, h(c,) (=h(a)) is a factor
of u. Two occurrences of h(a) overlap in h(ab), which means that 4 (ab) includes
a square.

Case 2: |B|=|a|. Let 8 be the word such that B =a8. The non-empty word
8h(cy) is a factor of u which is both a suffix of h(bc;) and a prefix of h(b). Then
h(bcb) has a square and (non i} holds.

Let us suppose now that « is a factor of h(b), for instance.

Case 3: u is a prefix of h(h). We have h(b) = ué for a word 8 in B*. The word
8h(ry) is non empty and is a prefix of u by the assumption on k. The image of bc,b
is not squarefree; {non i) holds.

Case 4: u is a suffix of h(b). If ¢, # b, then h(bc,) is not squarefree (minimality
of k) and (non i) hoids; if not, then certainly k > 1, bc,_ici is squarefree and its
image is not squarefree; (non i) holds.

Case 5: u is an internal factor of /4 (b); (non ii) holds.

4. Bounds for squarefreeness

Two corollaries may be immediately deduced {rom Theorem 2. For a morphism
h let us set

M(h)y=max{|h(a)llac A},  m(h)=min{"(a)||acA}.

Let us aiso denote by [x] the least integer greater than or equal to a real number
x. With these notations, we have:

Corollary 3. A morphism h is squarefree iff it is k-squarefree with k=
max(3, {(M(h)—3)/m(h)]).

The following corollary applies to a particular class of morphisms: uniform
morphisms. For these morphisms we have |k(a)| = |h(b)|, for any a, b in A.

Corollary 4. A uniform morphism is squarefree iff it is 3-squarefree.
The above corollary is also a consequence of a theorem of Thue [8] reformulated
i {11 which gives a sufficient condition for a morphism to be squarefree.

Another consequence of Theorem 2 is the result mentioned in the introduction.

Corollary 5. A morphism defined on a three letter alphabet is squarefree iff it is
S-squarefree.
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Proof. Only the second assertion of Theorem 2 is of interest here. Let us consider
a letter a for which h(a) contains a pre-square u. Let w =c; ... cx be a word that
duplicates the pre-square occurrence of u in h(a). The word w may be chosen of
minimal length; so if a appears in c; ... ¢k, then it can occur only once at the end

(@ = cx) because |u| <|h(a)|. The word c; . .. cx—; being squarefree on two letters is
thus of length 3 at most. The conclusion follows.

Our last consequence is:

Corollary 6. (k =3). A morphism h is k-squarefree iff it is 3-squarefree and
min{|lw||w duplicates an internal pre-square of h(a), ac A}=k.

Proof. Let us first suppose that 4 is k-squarefree. Then & is also 3-squarefree
because k =3. If w duplicates a pre-square in h(a), then aw is squarefree and
h(aw) contains a square, for instznce. This implies |aw|>k or |w|=k. If & is not
k-squarefree, there exists a squarefree. word w, |w|<k, which image contains a
square. Going through the proofs of Theorem 1 and 2, we car find a squarefree
word aw' such that: |aw’| <3 or w’ duplicates an internal pre-square of k(a). The
main point to be noted is that in the second case |aw’|<|w|. Therefore if h is
3-squarefree the inequality cannot be true.

5. Optimality of bounds

Let us show that the bounds in Coroliaries 3 and 5 are optimal; a property which

is trivially true for Corollary 4.

Lemma 7. Let h be a morphism from {a, . .., a,} into {b,ay,...,a,}" defined by:
h(a1)=ba1a2 Y/ h(a,-)=a,- for 2=i<n,

Then h is k-squarefree with k=max(3, [(M(h)-3)/m(h)]-1 and h is not

squarefree.

Proof. We have kK =n—1, and the image of a; ... a, is
ba,...a.a1a,...a,

which contains the square (a;... a,,)z. The (n —1)-squarefreeness comes from

Corollary 6: h is 3-squarefree anc. a; . . . a, is the only one pre-square of the h(a)’s.

Lemma 8. The morphism h:{a,b,c} >{a, b,c,d, e}” defined by h(a) = deabcbda,
h(b)=b, h'c)=c is 4-squarefree but not squarefree.

Proof. We have h(abcba)=deabcbdabcbdeabcbda which contains the square
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(abckd)®. Then, h is 3-squarefree and abcbd is only one internal pre-square of
h(a). The result follows from Corollary 6.

6. Bound on more tha: three letters

We now show that on an alphabet with more than three letters the bound on
the length of words that must be examinated to decide the squarefreeness of a
morphism depends on the length of the images of the letters by the morphism.

Theorem 9. Let |A|>3. For any integer n, there exists a morphism which is n-
squarefree and not squarefree.

Proof. It suffices to prove the theorem for a four-letter alphabet, {a, b, c, d}.
Let x be a squarefree word on {b, c, d} of length n. We know, from Thue [8],
that there exists such a word. We define a morphism h : {a, b, ¢, d}->{a, b, c, d, e} by:

h(a)=eaxa, h{b)=0b, k(c)=c, h(d)=d.

The word ax is squarefree of length n + 1 and its image by 4 is eaxax. So h is not
squarefree. The n-squarefreeness of 4 is a consequence of Corollary 6.
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