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Aim of the talk:
Explain the context of the paper in the IUAC special issue.
General idea:

Find interesting bases in combinatorial Hopf algebras
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Combinatorial Hopf algebras

@ Algebras based on combinatorial objects (integer or set
partitions, compositions, permutations, tableaux, trees,
matroids or whatever)

@ Product by summing over “compositions” of two structures,
coproduct by summing over “decompositons”

@ Heuristic notion (no formal definition)

@ Integer partitions: Sym, symmetric functions. Nontrivial
product and coproduct for Schur functions
(Littlewood-Richardson)

@ For us: CHA are generalizations of the algebra of
symmetric functions.
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Integer partitions
1,1,2,3,5,7,11, ...

Integer compositions
1,12,4,8,16,32,64, ...

Standard tableaux

1,1,2,4,10,26,76, ...
1,1,2,5,14,42,132, ... Set partitions

1,1,2,5,15, 52,203, ...

Binary trees

Permutations

1,1,2,6,24, 120, 720, ...

Plane trees
1,1,3,11,45,197,903, ..

Set compositions
1, 1,3, 13,75, 541, 4683, ...

Parking functions
1,1, 3, 16, 125, 1296, 16807 ...
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Symmetric functions |

The algebra of symmetric functions is useful because it
contains interesting elements: Schur, Hall-Littlewood, zonal,
Jack, Macdonald ...

@ Schur: character tables of symmetric groups, characters of
GL(n,C), zonal spherical functions of (GL(n,C), U(n)),
KP-hierarchy, Fock space, lots of combinatorial
applications

@ Hall-Littlewood (one parameter): Hall algebra, character
tables of GL(n,Fq), geometry and toplogy of flag varieties,
characters of affine Lie algebras, zonal spherical functions
for p-adic groups, statistical mechanics

@ Zonal polynomials: for orthogonal and symplectic groups

@ Macdonald (two parameters): unification of the previous
ones. Solutions of quantum relativistic models, diagonal
harmonics, etc.
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Symmetric functions Il

Question: Are there such things in combinatorial Hopf
algebras? At least in QSym (pieces of symmetric functions) or
Sym (projecting onto symmetric functions) ...

Actually, two different questions:

@ Find analogs, i.e., elements with similar definitions,
properties, applications ...

@ Find lifts of refinements, e.g., noncommutative symmetric
functions having Schur, HL or whatever classical
symmetric functions as commutative image, or find bases
of QSym on which the classical symmetric functions have
a natural decomposition (sum over compositions with the
same uderlying partition)
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Background on symmetric functions |

@ “functions”: polynomials in an infinite set of indeterminates

X = {x]i > 1}
M(X)or E(:X) =JJ(1+txi) =) en(X
i>1 n>0
o(X)or H(t; X) = JJ(1 = tx)™" = > ha(X
i>1 n>0

@ e, = elementary symmetric functions

@ hp, = complete (homogeneous) symmetric functions
@ Algebraically independent: Sym(X) = K[hy, he, . ..]
@ With nvariables: Kl[ey, es,. .., en]
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Background on symmetric functions |l

@ Bialgebra structure:
Af=fX+Y)

@ X + Y:disjoint union; u(X)v(Y)~u® v
@ Graded connected bialgebra: Hopf algebra
@ Self-dual. Scalar product s.t.

(f-g,m=({fog, Ah)
@ Linear bases: integer partitions
A=M>X>...> )\ >0)
@ Multiplicative bases:
€\ = €),6), -6, and hy
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Background on symmetric functions Il

@ Obvious basis: monomial symmetric functions

my = ¥x* = Z xH

distinct permutations

@ Hall's scalar product realizes self-duality

(hx, mu> = 5/\#

@ hand m are adjoint bases, and

a1(XY) = [ (1=xy) ™" =D m(X)h(Y)

i,j21 A

(Cauchy type identity)

@ Any pair of bases s.t. o1(XY) =), ux(X)vA(Y) are
mutually adjoint
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Background on symmetric functions IV

@ Original Cauchy identity for Schur functions
= s\(X)sin(Y
A

where sy = det(hy, ;)
@ Schur functions encode irreducible characters of
symmetric groups:

X = (Sx, p.) (Frobenius)
® p,: power-sums

=> X', o(X)=exp {me

i>1 m>1
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Hecke algebra |

Permutations o € &, act on K|[xq, ..., x,] by automorphisms:
o(x;) = Xo(i)- Letsi=(i,i+1)and

() = xif — si(x;f)
Xi — Xit1
(isobaric divided differences) and
Ti=(1-tm+ts (t=q7")
Then,

TiTig1 Ty = Tigq TiTipy
TiTi=TTi(|i—jl >1)
T2=(1-0T+1t

Iwahori-Hecke algebra (of type A,_1).
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Hecke algebra Il

For a reduced decomposition o = s;, ---s;, let T, = T;, --- T},

and set
Q(t) = ) 19T,
UEGn

Then, fort =1, Hy(1) = K&p, and
my = c\Qn(1)x*  (cy a scalar)

while for t = 0,

and (by definition), the Hall-Littlewood functions are

Py = cx(H)n(1)x*
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Quasi-symmetric functions |

Represent a monomial u = x§x4 X5 Xg 2 by its support
Ay = {X2, X4, X5, Xg }
and its exponent sequence
l,=(5,7,1,2)

(a composition of its degree n = 15).
The quasi-symmetrizing action of a permutation o is [Hivert]

For example, s,(u) = u and s5(u) = XX/ X X3
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Quasi-symmetric functions Il

This is indeed an action of &, (not by automophisms) and its
invariants is the algebra of quasi-symmetric polynomials

[Gessel].
Precisely, one can still define 7r; and T; so as to get an action of
Hn(q), and with Q,(t) as above, for a composition / = (i, ..., ir)

M; = ¢, Q,(1)x  (quasi-monomial functions)
Fr=9,(0)x" (the fundamental basis)

and so, Hivert defined naturally

P = ai(t) 2,(H)x’

This was the first example of a Hall-Littlewood-like basis in a
combinatorial Hopf algebra.
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Noncommutative Symmetric Functions |

Indeed, for infinite and totally ordered X, QSym(X) becomes a
Hopf algebra (coproduct by ordinal sum X + Y).

Its dual is Sym (noncommutative symmetric functions), as can
be seen from the noncommutative Cauchy product

K(X,A) = HH (1—xia;)~ Z Mi(X)S'(A) = > Fi(X)Ri(A)
>y j>1 /

where S'=S; --- S;,

Z aj, - - - aj,

i1 <..<ip

(complete functions), and R, are the ribbon Schur functions
(sum of words with descent composition /).
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Noncommutative Symmetric Functions |l

The duality is [Malvenuto-Reutenauer]
(M), 87y =61y = (Fi,Ry)
and the dual basis H; of P, is a t-analogue of the product S/,

like the classical
Q, => Ku(t)s
A

(Kostka-Foulkes polynomials, cf. [Lascoux-Schiitzenberger]).
However, here, the coefficients Kjy(t) in

Hy=> Ku(HR
/

are just powers of t (KF-monomials!).
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Macdonald-like functions |

There is a simple closed formula for Kjy(t). Thus, we may be
able to define simple Macdonald-like functions.
Precisely, we want noncommutative analogues of the

X
a0 = 3 Rl 09100 = 00, (i)

(bigraded Frobenius characteristics of certain realizations of the
regular representations of the symmetric group [Haiman]).
Noncommutative analogues

A qa ZKIJ(qv RI(A) (1)
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Macdonald-like functions Il

The R, are the characteristics of the indecomposable projective
modules of the 0-Hecke algebra H,(0), each of them occuring
with multiplicity one in the decomposition of the regular
representation: the kjy(q, t) have to be monomials g't/.

The Hy(A; g, t) must reduce to HL functions for g = 0, and we
expect that the (q, t)-Kostka monomials should possess the
symmetries

R/J~(q7t) = kIJ(t q)a (2)
k(g Ok y(q ) = U 2" )e(¥) (3)

and that k(n J(q, t) is always equal to 1.
These constraints determine the first matrices:
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Macdonald-like functions IlI

(2 1 g
K2_<11 1 t)

8 1 ¢ q ¢

21 1t q fqg

Ke=1 12 1 g t g

111 1 2t 3
4 16 ¢ ¢ q ¢ ¢ o
31 1t ¢ tg° g tg ¢ tg°
2 1 ¢ t t¢° 9 ¢ tg tg°
K 211 1 1 t £ g g tq tq
7113 1 2 g @t tg? tg tg?
121 1 # g g t £ tg tq
112 1 g g t tg £ g
1M1 1 £ 2 5 t+ ¢ B 8
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Macdonald-like functions IV

This is sufficient to guess the general formula, and an important
property can be proved:

n—1 m n—1—m(m—1
det Kn q’ H (tm+1 —k )2 (k 1) )
m=1 k=1

There is such a factorization for the original Macdonald matrix,
and there will be one for all our future generalizations.

We can in fact define multiparameter noncommutative
Macdonald-like functions [Hivert-Lascoux-T. 2001]

Hy(A; Q,T) = Kn(A; Z(J))

Z(J)={z0=1,21 = W(J,1), 2 = W(J,2), ... 2Zn1 = V(J,n—1)}
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Macdonald-like functions V

ForZ={zy=1,21,20,...}

Kn(AZ)=">_ ( 11 zd) R .

[l|=n \deDes(/)

U(J, k) = t 1 d(d.k) ?f k € Des(J),
Qk—d(u.k) it k & Des(J).
and
d(l, k) = #{k' < k, k' € Des(/)}
A few days after this paper was posted, another one by N.
Bergeron and M. Zabrocki, defining a similar but different family

of Macdonald-like functions appeared on the arXiv. It was not a
specialization of our multiparameter family.
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Sym, as a Grassmann algebra |

Both families can be unified by introducing more parameters
[Lascoux-Novelli-T. 2012]. The construction is simplified by the
following formalism.

For n > 0, Sym, has dimension 2"~', same as a Grassmann

algebra on n — 1 generators ny, ..., nn_1
ning = —njni
If /'is a composition of n with descent set D = {d, ..., dk},
Ry« np = na,nd, - - - Ndj - (4)

For example, Ro13 < mom3. Then,

S'— (1 +n4)(1 +1g) ... (1 +1g,)
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Sym,, as a Grassmann algebra |l

Grassmann integral

/dnf = 1201 where f=>" > frky .

k <<l
Anti-involution 7 = (—1)"y;. Bilinear form on Sym,,
(t.9)= [ dnfg

Then,
(R, Ry) = (—=1)"D715, 5.

(Bergeron-Zabrocki “scalar product”).
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Sym, as a Grassmann algebra I

ForZ =(z,...,2,-1), let
Kn(Z) = (1 + zym1)(1 + zom2) ... (1 + Zn—171n—1) - (5)

Then,

~

(Kn(X), Kn(Y H(}/I - Xj) (6

We are interested in bases of Sym,, of the form
H) = Kn(Z)) = > _kuRy
J

The HLT and BZ bases have this form.
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Sym, as a Grassmann algebra IV

For both of them, the determinant of the Kostka matrix
K = (kyy) is a product of linear factors. This is because these

matrices have the form
A XA
B yB

where A and B have a similar structure, and so on recursively:

’A XA _ (y —x)"detA-detB.

B yB

We can now introduce many more parameters.
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Sym, as a Grassmann algebra V

Lety = {yu} for u boolean word of length < n— 1.

For n=3: yo, ¥1, Y00, Yo1, Y10, Y11-
Encode a composition / with descent set D by

u=(uy,...,up_qy)suchthatuj=1ifie Dand u;=0
otherwise.
Let um..p be the sequence umUmi1 ... Up

Pr= Q1+ yum)( + Yo om2) - (14 Yoy y7n-1)
or, equivalently,

P = Kn(Y)) with  Y) = [Yu, Yoy o5 Yu] = (Vk(1)) .

At this level of generality, the Kostka matrix, the product
formula, and the dual basis can be computed explicitly.
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Sym, as a Grassmann algebra VI

There are some interesting specializations. First, a family with
two infinite matrix parameters Q, T:
Label the cells of / with their matrix coordinates:

(1,1)1(1,2)((1,3)]|(1,4)

(2,4)
Diagr(4,1,2,1) =

(3,4)((3,5)

(4,5)

Associate a variable z; with each cell except (1,1): z; := q;j_1
if (7,/) has a cell on its left, and z; := t;_4 ; if (/,) has a cell on
its top. The alphabet Z(/) = (z;(/)) is the sequence of the z; in
their natural order.
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Sym, as a Grassmann algebra VII

ForJEn y
ku(@T)= [[ z().
deDes(J)
With I = (4,1,2,1) and J~: (2,1,1,2,2), we have
Des(J) = {2,3,4,6} and k;y = g12913t14934-
Let Q= (g;) and T = (t;) (i,j > 1) be two infinite matrices.
H/(A; Q, T) is defined as

H/(A; Q, T) = Kn(A; Z(1)) = > _ku(Q, T)Ry(A).
JENn

Note that H, depends only on the gj; and t; with i + j < n.
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Sym, as a Grassmann algebra VIlI

Let (q;), (t;), i > 1 be two sequences of indeterminates.
Let v be the anti-involution of Sym defined by v(S;) = S;.

(i) For gj = Qitj—1, tj = thr1—i—j, H/(Q, T) becomes a
multiparameter version of v(HF4), to which it reduces under the
further specialization g; = ¢’ and t; = t'.

(i) For g;j = q;, tj = t;, H,(Q, T) reduces to AT

The multivariate HL-BZ-polynomials have been recently
interpreted by Jia Huang (arXiv:1306.1931) as graded
Frobenius characteristics of the action of H,(0) on certain
submodules of the Stanley-Reisner ring of the Boolean algebra.
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Noncommutative monomial functions |

In the Hopf algebra paradigm, monomial functions live on the
quasi-symmetric side. But if one is willing to forget about the
coproducts, noncommutative monomial functions can be
defined [Tevlin]. Let

n—1

V,= Z(_1 )kRV‘,nfk

k=0

be the power-sums of the first kind (Dynkin elements) and

v, 1 o ... 0 0

v i Vi, 2 ... 0 0

rv, = I’\U(h ..... ir) (_1 )r71
\Ui2+__,+i, \U,'z n—1

PN e PN \U,'1+,'2 "UI1
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Noncommutative monomial functions Il

(a quasi-determinant). In particular,
\U(n) =V, and Vir = A,.
Equivalently,

rv;

hl 7"'7”/’

=V Vi i = Vi, Vi i o
(1) ot () Vi

Ist15-50r

One can define an analog of Gessel’s fundamental basis F; by

Ri=) GulLs=) KuyV,. (7)
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Noncommutative monomial functions ||

The Ky and the Gy are nonnegative integers with interesting
combinatorial interpretations [Hivert-Novelli-Tevlin-T.]
Define the G-descent set of a permutation o € &, as

GDes(o) :={i € [2,n]|oj = | = 0j41 < 0}

The G-composition GC(o) is the composition whose descent
setis {d — 1|d € GDes(0)}.
Then,
R = Z GulLy,
JEN

where Gy, is the number of permutations o satisfying
C(c~") = land GC(0) = J.
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HL-functions from noncommutative monomials |

The above Kjy and G;; admit nontrivial g-analogues, which can
be obtained from the combinatorial Hopf algebras FQSym
(permutations) and WQSym) (packed words).

A packed word (over the integers) is a word u whose support is
an interval [1, k].

An inversion u; = b > u; = a (where i < jand a < b) is special
if u; is the rightmost occurence of ain u. Let sinv(u) denote the
number of special inversions in u.

The W-composition WC of u is the composition whose descent
set is given by the positions of the last occurrences of each
letter in u.

Let W(/,J) be the set of packed words w such that

WC(w)=1 and C(w) =J (8)
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HL-functions from noncommutative monomials Il

and
Then

is a g-analogue of the product S (like the classical Q) defined
in [Novelli-T.-Williams]. Its expansion on a simple g-analogue
L,(q) of L, provides a g-enumeration of permutation tableaux.
One can also define a basis R,(q) and g-analogues of the G,.
The g-deformed ribbons are given by

Ry(q)=>_D/(q)v,
/
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HL-functions from noncommutative monomials Ill

where _
D;I(Q) _ Z qsmv(w)‘ (10)
weW(1,J)

W'(1,J) being the set of packed words w such that
WC(w)=/ and C(w)=J (11)

Next, Tevlin defined noncommutative analogues of the P-HL
functions by a t-deformation of the quasi-determinant for the
V,, and defined Kostka-like polynomials by

Ry(A) = Ku(t)Pi(t; A) (12)
!

Then, y _
Ku(t) = Df(t) = ti D/ (t77) (13)
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Grand unification |

[HLT] and [BZ] have been unified in [LNT], but [NTW] and [T]
seem to belong to different worlds.

Actually, [NTW] and [T] are related by the noncommutative
version of the classical (1 — f)-transform on symmetric functions

po((1 = ) X) = (1 = t")pn(X)

It admits a multiparameter analogue, and the resulting
multiparameter P-functions admit a simple description within
the Grassmann formalism of [LNT].
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Grand unification Il

The noncommutative (1 — t)-transform acts on ribbons by
RI((1 - t)A)) = (—1)2(/) Z (_1)f(1 _tjr)tZkeA(l,J)ijJ(A)
[J[=1l,r=£(J)

where
A(lLJ) = {s < l(J)|js + -+~ +js & Des(/)}.
Let t = (#)i>1, and define

RitA) =00 5, (1) (ﬁz;-,) 1 ffk) S(A)
) ke

[JI=],r=£(J A(lLJ)

Ry =(1-6)SP—(1—4)pS* — (1 - )48+ (1 —4)2S™,
Rot =—(1-8)S+(1 1)+ (1 - )8 — (1 - 1), 8.
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Grand unification Il

Define also

S'(tA) =D Ryt A)

J<I

The S-basis is multiplicative:
Sl)sl) = s¥(t).
Thus, R, is the image of R, by the automorphism
6t : Sn(A) — Sn(t; A).
The inverse of 6 is

o L [depes() o
0 S K6 A =D G ) ()

I=n

Ri(A)

(the multiparameter Klyachko element).
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Grand unification IV

Recall the Grassmann algebra formalism. We need a small
modification of the definition of Kj:

Let U= (uy,...,up—1)and V = (vy,...,v,_1) be two
sequences of parameters. Set

Kn(U, V) = (uy + vin1) - - - (Un—1 + Vn—11n—1)

Y I w I] A

IEn deDes(l)  e¢Des(/)

We build a pair of sequences (U, Vi) = ((u)), (v/))]]' from the
diagram of /.
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Grand unification V

First, write (1,91),...,(1, gk) in this order, starting from the top

left cell, in all cells which are non-descents of /. Then, write

(t,1),...,(t,1), in this order, in all cells which are descents of
I, starting from the bottom right cell

(U4121> V4121) =

(1,91)|(1, q2)|(1, @3)|(t3, 1)
(t2’1)
(17Q4) (t171)
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Grand unification VI

Let 7/(a,t, A) = Kh(U,, V)). Define Macdonald-like functions by
Ji(@,t; A) = 6(J/(a. t; A)) . (15)

If we regard the 7-functions as analogues of the Macdonald
J-functions, we can define natural analogues of the classical P

and Q-functions by

ol
[T - )Pt A) = Qi(t: A) = 7/(0. t; A)

i=1

Note that Qn(t; A) = Rn(t; A).
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Grand unification VII

The P-functions satisfy the recurrence

1t
11

P1="Pi,Py,...ir = Pi+i Pig,...ip + - + (-1 )r_1pi1+~~~+ir .

Equivalently, we have the quasideterminantal expression

P, 1-4 0 ... O 0

Pi_i+ir P, 1—-6t ... 0 0

PEA)= (T s
N Pos g, - e e Py 1=ty

which reduces to Tevlin’s definition for t; = t'. Their product

formula and expansions on various bases can be computed
explicitly.
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The real motivation

Multiparameter Macdonald polynomials? Upto n =5 ... [HLT]
Heuristics: a conjecture on R-matrices, multiparameter HL for
rectangular shapes, hook shapes, symmetries, determinant ...

(4) (31) (22) (211) (1111)

4 1 +e+a R+qd qR+RB+qqG GiGgas

(31) 1 h+1+3@ +ah Ggh+eRt+qg1R qghe
(22) 1T qg+gti+t g?2+4° gtP+at+ah  qi’h®

(211) 1 gi+h+bk g b+t hbt+tgbh+aqi aqibhbk
(1111) 1 h+b+h b+ Hi3 hb+bl+Hhiz il

det = (b — @)(t — @)(t — g1)(tr — q1)*(ts — q1)(t — G3)
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(5) (41) (32) (311)

1 g1+ 02 +q3+ g4 92 + 03 +q193 + G194 + G2Ga G192 + G193 + 42G3 + 14 + G204 + G304
1 h+aq+qg+a ity + G2 + g2ty + g3 + G1G3 ity + G2ty + 9192 + 1193 + G193 + G2G3

1 htg+at+a Gh+a@+at+42+a1q% gt +ah? + &Ph + Gl + GG+ e
1 G+ttt R+ gt + Rl +qb+h G1G2 + Gty + @ty + q1lo + Qo + 1o

1 Gt +at+h Gt +h+aht+al+ht Gty + G2t + G P+ i + bl + qitilp
1 g+t +h+i Gity + b+ g1l + 13+ i3 Qi+ Qito + ity + 13G1 + tt3 + bty

1 Ht+b+th+ty o+t + titg + tty + bty tity + titg + oty + ity + bty + B3ty

(221) (2111) (11111)
193 + G203 + G204 + G1G204 + 419394 G1G2G3 + G102Q4 + 19304 + 02Q3Qs  §1G20304
Pt + g111G2 + G193 + q1G3t + Q203 919203 + Q203 + G193ty + Q111G 11G10203
@0 + @tG + at? + gt + @202 afeel + a1t aiha + 2h% @PhPa

it + el + 1l + G2ty + 9111 Q2 g + gitily + q1G2t + 9111 q1Qetil
4l + aitit + Pl + gt + G242 @t + g’ + gt + g 247 7242
qilo + qitilp + til3 + hif3qy + bl bbbty + qiloly + t113G1 + g1t &z Gtifoty
btz + boty + boty + bibply + ti3ly tioly + tiloty + tilgly + bolgly ittty

det = (f — a3)(t — a8)(t2 — @)t — @25 (13 — @)t — @1)2(ts — @)t — a1)* (4 — G1)(ty — au)
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