COMBINATORIAL HOPF ALGEBRAS IN NONCOMMUTATIVE
PROBABILILITY
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ABSTRACT. We prove that the generalized moment-cumulant relations introduced
in [arXiv:1711.00219] are given by the action of the Eulerian idempotents on the
Solomon-Tits algebras, whose direct sum builds up the Hopf algebra of Word
Quasi-Symmetric Functions WQSym. We prove t-analogues of these identities
(in which the coefficient of ¢ gives back the original version), and a similar ¢-
analogue of Goldberg’s formula for the coefficients of the Hausdorff series. This
amounts to the determination of the action of all the Eulerian idempotents on a
product of exponentials.

1. INTRODUCTION

The relation between moments m,, = E(X™) and classical cumulants K,,(X) of a
random variable X, encoded in the exponential generating functions

(1.1) Zmng = exp (Z Kng>

n>0 n>1

is, up to a rescaling by factorials, essentially the same as the relation between com-
plete symmetric functions h,, and the power sum symmetric functions p,

(1.2) Z hnt" = exp (Z %t”) :

n>0 n>1

Hence we can define a character on the Hopf algebra of symmetric functions Sym
by setting

(13 ) = S B(X"),

Then, the cumulants are given by

(1.4) K (X) = xx (ﬁ)

and the property that K, (X +Y) = K,(X) + K,(Y) whenever X and Y are
independent random variables corresponds in this context to the fact that the power-
sums are primitive elements for the coproduct (2.4).

In a more general setting, with a sequence (X;);>1 of random variables, one can
define multilinear moments
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Stochastic independence can then be algebraically reformulated in terms of subal-
gebras of the algebra X of random variables. A family (X;);c; of subalgebras of X
is said to be independent if the factorization

(1.6) (XX, X,) = H E <H Xi)

Bem i€B

for any partition 7 of [n] such that for each block B of m, the X; for i € B are in the
same subalgebra Xy (and j(B) # j(B') for B # B’). The multivariate classical
cumulants are then defined as

_ 909 9
Ot 0ty O,

which coincides with (1.1) when X; = Xy = --- = X,, = X. These cumulants are
multilinear maps K, (X7, ..., X,) whose fundamental property, generalizing (1.4),
is that mixed cumulants vanish in the sense that K, (X7, Xs,..., X,,) = 0 whenever
at least two independent subalgebras occur.

In noncommutative probability, the X; belong to some noncommutative algebra
A, and new notions of independence arise, for which the factorization of the mo-
ments (1.6) is replaced by other identities. Each notion of independence gives rise
to appropriate version of cumulants, such that the vanishing mixed cumulants (or
some weaker condition as in the case of monotone independence) characterizes in-
dependence.

In order to give a unified treatment of all these independences, the notions of
exchangeability system [Leh04] and of spreadability system [HL17] have been intro-
duced. A spreadability system for a noncommutative probability space (A, ¢) allows
to produce independent copies X of the random variables, and to formulate in-
dependence in terms of identities satisfied by the moments go(Xl(il)Xéh) e X,(f")).
It is in particular assumed that this quantity depends only on the packed word
u = pack(iyia - - - i) (or ordered set partition [HL17]). This implies that for a spread-
ability system, any choice of a sequence (X;) of random variables determines a linear
form on an appropriate Hopf algebra based on packed words, namely, WQSym™,
the graded dual of Word Quasi-Symmetric functions, also known as quasi-symmetric
functions in noncommuting variables [NT06, BZ09, DHNT11]. WQSym is a non-
commutative version of the algebra of quasi-symmetric functions. As shown by
Hivert [Hiv00], the quasi-symmetric polynomials are actually the invariants of a very
peculiar action of the symmetric group &,, on polynomials in n variables, called the
quasi-symmetrizing action. This action can be extended to polynomials in noncom-
muting variables [DHNT11], and letting n tend to infinity, the algebra of invariants
acquires a Hopf algebra structure, just as in the case of symmetric polynomials.

It turns out that the homogenous component of degree n of its graded dual,
WQSym,, can be identified with the Solomon-Tits algebra of &,,, and that this
identification is compatible with that of Sym,,, the space of noncommutative sym-
metric functions of degree n, with the ordinary Solomon descent algebra. That is,
there is an embedding of Hopf algebras Sym — WQSym" which is compatible
with the internal products.

The moment-cumulant relations of [HL17] actually describe the relation between
the natural basis N, of WQSym”* and its internal product with the Eulerian idem-
potents of the descent algebra Sym,,.

E et1X1+t2X2+-"+tan

(1.7) Ko( X1, Xo, ..., Xy)

t=0
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We provide simple conceptual proofs of most of the identities of [HL17], and give
a complete description of the action of the Eulerian idempotents on WQSym*.
As shown in [FPT16], the celebrated Goldberg formula for the coefficients of the
Hausdorff series

<18) H(al,a/2,...) :]_Og(ealeaQ---) = Z CopyW
weA*

amounts to a description of the action of the first Eulerian idempotent on WQSym*.
Our results allow us to compute the coefficients of the expansion

(1.9) (e ) = " ey(thw

weEA*

in which the Hausdorfl series is the coefficient of ¢.

2. BACKGROUND

In this section, we recall the basic definitions of the various Hopf algebras in-
volved in the sequel: ordinary (Sym) and noncommutative (Sym) symmetric func-
tions, word quasi-symmetric functions (WQSym) and word symmetric functions
(WSym).

Given a sequence (X;) of random variables, the moments ¢(X; - - - X,,) determine
a character of Sym. We shall see that the the structures introduced in [Leh04,
HL17] allow to extend this character to a linear map of WQSym (in the case of
spreadability systems) or WSym (in the case of exchangeability systems).

2.1. Ordinary symmetric functions. Let X = {x;|i > 1} be an infinite set of
commuting variables. The complete homogeneous functions h,(X) and the elemen-
tary symmetric functions e,(X) are

11 <ig<-<ip
that is, is the sum of all monomials of total degree n, and
(2.2) en(X)= > wpmi,,...w,
1<t <-+<ip
is the sum of all products of n distinct variables. These functions are invariant
under permutation of the variables and both sequences freely generate the algebra
Sym/(X) of symmetric functions

(23) Sym:K[hl,hg,] :K[el,@,...].

We can thus define a coproduct
(2.4) Ahy =Y Ty @ by,
k=0

which endows it with the structure of a graded Hopf algebra. Given a second
alphabet Y disjoint from X, and identifying a tensor product f ® g with f(X)g(Y),
the coproduct is given by A(f) = f(X +Y), where by X + Y we denote the (still
countable) union of the alphabets X and Y. It can be shown that Sym is self-dual.
Its primitive elements are the power-sums p, = ) . zj', which also generate Sym
over the rationals.
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For a partition p = (1122 ...n™) of n, define

n n
(2.5) DPu = Hp;n’ and z, = Himimi!.
i=1 i=1
Each homogeneous component Sym,, is endowed with a unique internal product *
by declaring the elements 2 to be orthogonal idempotents.
m

2.2. Classical cumulants. The classical cumulants K, of a random variable X are
related to its moments m,, = E[X"| by

t t
2.6 — = K, —
20) Sty o (Yo

which differs from the relations between complete homogeneous symmetric functions
h, and power-sums p,, by a simple rescaling;:

(2.7) Z hnt"™ = exp (Z %t") .

n>0 n>1

Identifying m,, with n!h,, the cumulants K, become identified with (n—1)!p,. A
random variable X determines a character y x of the algebra of symmetric functions,
by defining

(28) () =" = ) =

A convenient symbolic notation for characters of Sym is that of virtual alphabets:
given a sequence of algebraic generators g, of Sym (such as h,,p,,e,,...), one
denotes x(g,) by ¢,(X), where the symbol X is called the virtual alphabet associated
with x. Then, if n is another character whose virtual alphabet is Y, the convolution
X*n:=(x®n)oA is given by

(2.9) (x*xn)(f) = fFX+Y).

On can thus associate with each random variable X a virtual alphabet X, such that
m,(X) = nlh,(X). If X and Y are independent, then

210) (i) = " EE) v = (e AR

that is, xxiy is the convolution of xx and yy. The additivity of cumulants on
independent variables corresponds to the fact that the power-sums are primitive
elements. This can be seen as another incarnation of the Hopf-algebraic version of
the umbral calculus [JRT9).

Example 2.1 (The formula of Good and Cartier). Let Y = Q = {1,w,...,w" "'}
be the alphabet of n-th roots of unity. These are the roots of the polynomial ™ — 1.
Using the factorization 2" —1 = (x — 1)(14+z 4 - -+ 2" ') we see that all the roots
Wk for 1 < k < n — 1 are roots of the second factor and therefore p,(Q) = 0 for
1 <k <n-—1, whereas p,(2) = n. Thus we have

(2.11) ha(2X) =Y M = pa(X).

AEn



COMBINATORIAL HOPF ALGEBRAS IN NONCOMMUTATIVE PROBABILILITY 5

Identifying as above m,, with n!h,, K, becomes identified with (n — 1)!p,, and
we obtain the formula

(212) nk, = E[(X(l) + (JJX(2) 4+ -+ w(n—l)X(n))n]’

known as Good’s formula in the mathematics literature [Goo75] and Cartier’s for-
mula for Ursell functions in the physics literature [Per75, Sim93].

2.3. Noncommutative symmetric functions. Let A = {a;|i > 1} be an infinite
totally ordered set of noncommuting variables. We set

(2.13) SulA) = Y anas,...a,
11<i2<+<ip

and

(2.14) A(A) = > aa,...a
11 <to<-<in

and call them respectively noncommutative complete functions and noncommutative
elementary functions of A.
The S,,(A) freely generate a subalgebra of the formal power series over A which
is denoted by Sym(A) and called noncommutative symmetric functions [GKL'95].
The S,,(A) and A, (A) have the simple noncommutative generating series

(2.15) oi(A) =) 1", (A) = H(1 — ta;)"!
and ) )
(2.16) A(A) =) (—t)"An(A) = H(1 — ta;) = oy(A)7!

where we have set Sy = Ay = 1, and ¢ is an indeterminate commuting with A. We
shall almost always forget about the alphabet A since the context is generally clear.
From the generators .S,,, we can form a linear basis

(2.17) S =8,,5, S,

of the homogeneous component Sym,,, parametrized by integer compositions of n.
The dimension of Sym,, is thus 2"~! for n > 1.
The coproduct

(2.18) AS, =S, ® S

k=0
endows Sym with the structure of a graded Hopf algebra. Since this coproduct
is clearly cocommutative, Sym cannot be self-dual. Its graded dual is Q.Sym, the
algebra of quasi-symmetric functions [GKL*95]. The dual basis of S is the quasi-
monomial basis M; of QSym.

The map S,, — h, is a morphism of Hopf algebras Sym — Sym, dual to the
natural embedding of Sym into QSym.

Each homogeneous component Sym,, is endowed with an internal product * for
which Sym,, is anti-isomophic to the Solomon descent algebra ¥,, of &,,. The basis
element S’ is identified with the formal sum of all permutations whose descent
composition is coarser than I.
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Finally, the primitive elements of Sym span a free Lie algebra, generated by the
®,, defined by

(2.19) > % = log (Z Sn> :

n>1 n>0

The ¢, = %@n are idempotents for the internal product. These are the Solomon
idempotents, also called (first) Eulerian idempotents.

2.4. Cumulants in noncommutative probability. A noncommutative probabil-
ity space is a pair (A, ¢) where A in a unital algebra and ¢ a linear form, (or more
generally a linear map A — B for some algebra B such that A is a B-module) such
that p(1) = 1.

Elements of A are called random variables. To define moments in this context,
we need an infinite sequence (X;);>; of random variables. Then, the moments are

Such a sequence determines a character ¢ of Sym by setting
(2.21) &(Sn) = my,

(we drop the factorials which are irrelevant in this context).

Cumulants are defined with respect to a notion of independence, leading to several
notions such as free, monotone, or boolean cumulants, and many others.

Attempts to give a unified treatment of all these notions have led to the intro-
duction [Leh04] of the notion of exchangeability systems, and later [HL17] of the
more general notion of spreadability systems. The interpretation of this formal-
ism in terms of combinatorial Hopf algebras requires the introduction of WQSym
(Word Quasi-Symmetric functions) and its dual WQSym*. A spreadability system
determines an extension of the character ¢ to WQSym®, and the various notions
of independence reflect certain symmetries of this extension.

2.5. Word quasi-symmetric functions. The packed word u = pack(w) associ-
ated with a word w € A* is obtained by the following process. If by < by < ... < b,
are the letters occuring in w, u is the image of w by the homomorphism b; — aj;.
We usually represent a; by 7 in the indexation of bases.

A word u is said to be packed if pack(u) = u. We denote by PW the set of packed
words. With such a word, we associate the “polynomial”

(2.22) M, = Y w.
pack(w)=u
For example, restricting A to the first five integers,

Misi30 = 13132 + 14142 4 14143 + 24243

(2.23) + 15152 4 15153 + 25253 + 15154 + 25254 + 35354.

For a word w € A* and a letter a € A we denote by |w|, the number of occurences
of the a in w. The evaluation ev(w) is then the vector obtained from the sequence
(|w|,)aca by removing all zeros.
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Under the abelianization y : K(A) — K[X], the M,, are mapped to the monomial
quasi-symmetric functions

R i1 02 b
(2.24) M = E R
J1<j2<+<jr
where ev(u) = (i1, ...,1,) is the evaluation vector of u.

The M, span a subalgebra of K(A), called WQSym for Word Quasi-Symmetric
functions, consisting in the invariants of the noncommutative version of Hivert’s
quasi-symmetrizing action [Hiv00, DHNT11].

Packed words can be naturally identified with ordered set partitions, the letter a;
at the jth position meaning that j belongs to block ¢. For example,

(2.25) u=313144132 « II = ({2,4,7},{9},{1,3,8},{5,6}).
Let N, € WQSym" be the dual basis of M,. Define an internal product on
WQSym’ by [NT06]

(2.26) Nu# Ny =Ny (v,

where (Z) denotes the word in biletters (Zl), lexicographically ordered with priority
to the top letter. For example,

121131
K — 241351
pac (221311) 5

Then,
Proposition 2.2. (WQSym", %) is anti-isomorphic to the Solomon-Tits algebra.

Indeed, if one writes u = {s},...,s.} and v = {s7,..., s/} as ordered set parti-
tions, then the packed word w = pack (Z) corresponds to the ordered set partition
obtained from

(2.27) {siNs],sinsy, ... shns/ shnsy,. .. s.Ns'}
Finally,
(2.28) s'= Y N,
ev(u)=I

defines an embedding of Hopf algebras compatible with the internal product *, that
is, inducing the standard embedding of the descent algebra into the Solomon-Tits
algebra.

2.6. Spreadability systems and exchangeability systems. A spreadability sys-
tem for (A, ¢) is a triple (U, , (I%))), where (U, @) is a B-valued noncommutative
probablility space, I® is a morphism A — U such that ¢ = @ o I® for all 7, and,
setting XV) := [U)(X),

(2.20) PG o X)) = GXF - XP)

n

whenever pack(iy - - - i,,) = pack(j1 - Jn)-
Thus, for each sequence (X;);>; of random variables in A, a spreadability system
determines a linear map ¢ : WQSym* — B by

(2.30) PN, = (X" - X)),
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In [HL17], this is denoted by ¢, (X ---X,), where 7 is the ordered set partition
encoded by the packed word wu.

The notion of S-independence [HL17] can be reformulated in terms of the internal
product of WQSym®. A family of subalgebras A; is S-independent if, when X €
A'Uj Y

(2.31) O(N,) = (N, * N,).
An exchangeability system is a spreadability system satisfying
(232) @(Na(u)) = @(Nu))

for all permutations o of the alphabet of u. In this case, ¢ can be interpreted as a
character of WSym™, an algebra based on set partitions, to be defined below.

2.7. Symmetric functions in noncommuting variables. Let A be an alphabet,
then every permutation o € G(A) gives rise to an automorphism on the free algebra
K(A). Two words w = uy ---u, and v = vy ---v, are in the same orbit whenever
u; = u; < v; = v;. Thus, the orbits are in one-to-one correspondence with set
partitions into at most |A| blocks. Assuming as above that A is infinite, we obtain
an algebra based on all set partitions, defining the monomial basis by

(2.33) m.(A) =Y w
weOx
where O, is the set of words such that w; = w; iff ¢ and j are in the same block of
.
One can introduce a bialgebra structure by means of the coproduct

(2.34) Af(A) = f(A'+ A"

where A" + A” denotes the disjoint union of two mutually commuting copies of A.
Again, the coproduct of a monomial function is clearly

(235) Amﬂ- = Z mstd(ﬂ-/) & mstd(ﬂ.//)
'Vl =m
This coproduct is obviously cocommutative.
Let < be the reverse refinement order on set partitions (7 < 7’ means that 7 is
coarser than 7, i.e. that its blocks are union of blocks of 7/)*.
The basis ®™, defined by sums over initial intervals

(2.36) "= my

7' <m
is multiplicative with respect to concatenation of set partitions and hence WSym
is freely generated by the elements ®™ such that « is irreducible, i.e., the coarsest
interval partition dominating 7 has only one block.

The graded dual of WSym is a commutative algebra, isomorphic to the algebra
[IQSym defined in [HNTO8, Sec 3.5.1]. Let N, be the dual basis of m, in the
(commutative) graded dual WSym™ ~ I1Q Sym and let ¢, be the dual basis of ®7.
Then,

(2.37) No = ¢

T>7!

We need this reverse order to be compatible with the usual conventions for symmetric functions.
We reserve the notation =< for the usual order on set partitions.
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WSym”* is a quotient of WQSym™, defined by N, = N, iff u = o(v) for some
permutation o of the alphabet of u (e.g., Nia; = Nagjz). Equivalence classes are
parametrized by the set partitions corresponding to any of the set compositions
encoded by equivalent packed words. The internal product of WQSym™ descends
to an internal product on WSym™, which is given by the meet of the lattice of set
partitions:

(238) Nﬂ'*NT - Nﬂ‘/\T

where ™ A 7 is the coarsest partition which is finer than 7 and 7.
For an echangeability system, the notion of £-independence translates as

(2.39) G(N;) = ¢(N, x N;)

under the same hypotheses as in (2.31).

Endowed with this product, the homogenous component WSym’ is known as
the Moebius algebra of the partition lattice I1,, [Sol67, Gre73]. It has been shown by
Solomon that {¢.|7 € II,} is a complete set of orthogonal idempotents of WSym.

As a consequence, if 7 is not the trivial partition {12...n},

2.8. Noncommutative version of Good’s formula. Although (2.12) is essen-
tially trivial, it has a not-so-trivial noncommutative analogue in noncommutative
symmetric functions. It is proved in [KLT97, Prop. 8.6] that

(2.41) S (QA) = K, (w)

where K, (w) is Klyachko’s element, a famous Lie (quasi-) idempotent.
This fact leads to an interesting interpretation of [Leh04, Definition 2.1]. To
understand it, we have to follow the chain of morphisms

(2.42) Sym — WQSym”* — WSym"* ~ [1Qsym.
The first embedding 7 is given by
(2.43) i: ' > N,
ev(u)=I

where N, = M. The projection p onto WSym" is dual to the inclusion of WSym
into WQSym, and therefore given by N, — N, where N is dual to the monomial
basis of WSym, and 7 is the set partition underlying the set composition encoded
by wu.

In [Leh04], cumulants for an exchangeability system are defined by a noncommu-
tative analogue of Good’s formula. We shall see that they can be interpreted as the
image of (n — 1)!K,,(w) under the composition £ = p o i of these two maps.

Since ¢ is valued in a commutative algebra, it factors through Sym(X), and all
noncommutative power sums have the same image. The choice of Klyachko’s element
is therefore arbitrary.

It remains to determine its image. Let @™ = > __ M, be the power-sum basis of
WSym, and let ¢, be its dual basis. Under the commutative image map

(2.44) X : WSym(A) —» Sym(X)
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given by f(A) — f(X), we have
(2.45) ) — Hmz M- ma(X)

where ) is the integer partition assoc1ated with 7, my(X) is the monomial symmetric
function, m;(A) is the multiplicity of the part ¢ in A, and

(2.46) PT(A) — pr(X).
Dually,

(2.47) X (hy) = [0 > N,
i A(m)=X

and
(2.48) X)) =2 Y on
A(m)=X

The image of any Lie idempotent of Sym in WSym” is therefore the same as that
of ¢, = %Cbn, which is

( 1) max(u) 1 Z(ﬂ
2.49 n = Iy —— N, — IN,.
(249) ¢n=) 0 Z max(a Z ()
IEn wk[n]
Since this must also be equal to
!
(2.50) X (ﬁpn) = Of1,2,..n}
and since, by definition of the Moebius function of the lattice of partitions
(251) ¢{1,2 ..... n} — Z ILL(T(, in)Nw
wh[n]

we recover the classical fact that
(2.52) pu(m, 1) = (=)0 (l(r) - 1)!
by merely contemplating a chain of morphisms.

2.9. Cumulants for exchangeability systems. An exchangeability system to-
gether with a sequence (X;);>1 determines a linear form ¢ on WSym*

(2.53) O(N,) = @(Xf“l) ce X (Y,

where u is any packed word representing the set partition .
The partitioned moments are

(2.54) r( X1+ Xn) = @(Nx),

and the cumulants defined in [Leh04] are

By (2.37), we have [Leh04, Prop. 2.7]

(2.56) Pr(X1, o Xo) =) Ko(Xy,.. . X)),
<o

The independence condition defined by (2.31) becomes, for exchangeability systems
(2-57) @(NW) = @(Nw * No) = @(Nﬂ/\a)-
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This implies the vanishing of mixed cumulants: if 7 is a partition if [n] into two
nontrivial blocks by, by such that {X;|i € b1} and {X;|i € by} are independent, then
the cumulant

(2.58) Kn(Xi,. .o X0) = @(61n) = G(Ny  ¢1n) = 0

by (2.40).

Monotone independence is not a special case of £-independence, but can be recov-
ered from the notion of S-independence. In this case, the requirement that mixed
cumulants vanish is too strong, and is replaced by the condition that they should
be eigenfunctions of Rota’s dot multiplication by and integer:

(2.59) K,N.Xy,...,N.X,) = N">WEK (X,...,X,)
where u is a packed word, and N.X = XM 4... 4+ X is the sum of N independent
copies of X.

We shall see that the dot operation translates as multiplication of the alphabet
by N in the relevant Hopf algebras. The operator f(A) — f(NA) is semisimple,
and its spectral projectors are know as the Eulerian idempotents.

3. REVIEW OF THE EULERIAN ALGEBRA

3.1. Basics. The Eulerian algebra is a commutative subalgebra of dimension n of
the group algebra of the symmetric group &,,, and in fact of its descent algebra
Y,. It was apparently first introduced in [BBMPG69] under the name algebra of
permutors®. It is spanned by the Eulerian idempotents, or, equivalently, by the
sums of permutations having the same number of descents.

It is easier to work with all symmetric groups at the same time, with the help of
generating functions. Recall that the algebra of noncommutative symmetric func-
tions Sym is endowed with an internal product %, for which each homogeneous
component Sym,, is anti-isomorphic to %,, [GKL195, Section 5.1].

The Fulerian idempotents EM are the homogenous components of degree n in the
series E¥l defined by

(3.1) ai(A)" =Y 2" EF(A),
k>0
(see [GKL195, Section 5.3]). We have

(3.2) EW « B = 5,EM | and ZET[Lk] -
k=1

so that the EIF span a commutative n-dimensional *-subalgebra of Sym,,, denoted
by &, and called the Eulerian subalgebra.

3.2. Noncommutative Eulerian polynomials. The noncommutative Fulerian
polynomials are defined by [GKL195, Section 5.4]

(3.3) A=Y tk( 3 R,) =3 Al k),

[T|=n
oI)=k

2A self-contained and elementary presentation of the main results of [BBMP69] can be found in
[GKL'95].
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where R; is the ribbon basis [GKL 95, Section 3.2] The following facts can be found
(up to a few misprints®) in [GKL*95]. The generating series of the A, () is

(3.4) Aty = > At)=(1—1t) (1—toy) ",

where o1y = > (1 —t)"5,.
Let A (t) = (1 —1t) ™ A,(t). Then,

" £(I)
(3.5) A(t) = Y A =) <:) st

n>0 1

This last formula can also be written in the form

(3.6) A =% (L>k<s Syt Syt )
. — e 1—t 1 2 3
o A, (t)
(37) [ tol(A) ; (L= il

Let S = o, (A)* be the coefficient of #* in this series. In degree n,

(3.8) SH =3 ( g(k[)) St = Zn: KED.

TEn L(I)<k

This is another basis of £,. Expanding the factors (1 —¢)~(™*Y in the right-hand
side of (3.7) by the binomial theorem, and taking the coefficient of t* in the term of
weight n in both sides, we get

k .
(3.9) St iz:; < ; ) (n, i).
Conversely,
Au(t)
k>0
so that
P
(3.11) Anp) = Y (=1) (nj 1) She=il
i=0

The expansion of the EX on the basis A(n,i), which is a noncommutative analog
of Worpitzky’s identity (see [Gar90] or [Lod89]) is

(3.12) Y (“7 e ’) An, i) .
k=1 i=1 "

Indeed, when x is a positive integer N,

(3.13) > NFEW =5, (NA) =" F/(N)R;(A)
k=1 IFn

3Eqgs. (93) and (97) of [GKLT95] should be read as (3.11) and (3.12) of the present paper.
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where F; are the fundamental quasi-symmetric functions, and for a composition
I =(iy,...,i,) of m,

(3.14) Fi(N) = (N +: - T) .

4. ADAMS OPERATIONS OF Sym AND THEIR SUBSTITUTES

On any bialgebra H with multiplication p and comultiplication A, one can define
the Adams operations

(4.1) UF(x) = py, 0 AF(z)

where A* is the iterated coproduct with values in H®* and p;, the multiplication
map H®* — H. In other terms, V¥ is the kth convolution power of the identity.

On ordinary symmetric functions, these operations act by multiplication by k of
the alphabet, and are therefore algebra morphisms. However, on noncommutative
symmetric functions, the U* are not anymore multiplicative, and therefore of lesser
interest.

One can replace them by the algebra morphism ¢y : f(A) — f(kA), which is
diagonalized by the Eulerian idempotents.

Recall that, by definition,

(4.2) o1(kA) = o1 (A)F,
and that for any f € Sym,
(4.3) f(kA) = f(A) x o1(kA) = f(A) > Kk EV.

r>1

Thus, a simultaneous eigenbasis of the 1y, is for example

(4.4) K;:= St pl)]
which satisfy
(4.5) K (kA) = k"D K (A).

The basis K7 is actually multiplicative: if I = (iy,...,4,),
(4.6) K;=[k1S"*01(A)" = K], (S5, @ -+~ ® Si,) #, (01(kA) @ -+~ @ 01 (kA)]
(4.7) = (S;, * EMy...(5;, « EMY =K, - K,

p

Of course, S; * Eim = Ei[l] = %CI)I-, so that K7 is just a scaled version of the classical
basis ®'.

Since
k

_ k I
(4.8) o1 (kA) = [1+ (Sy 4+ Sy + S+ - -+ )] _EI:(M))S,
we have the simple closed form
(4.9) S'(kA) =D Bi(J,1)S,

J>1

where

(4.10) B(1 1) =]] ( , (Z))’
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where J = (J1J2- -+ J,) is a concatenation of compositions .J, of weight ¢, (by defi-
nition of the refinement order).
Applying [GKL95, Prop. 4.9], we get the expression

G Y,
(4.11) K=Y oS

where ((J, 1) =T, _, ¢(J,).

p=1

5. EXTENSION TO WQSym*

The identification of Sym, with the (opposite) descent algebra of &, can be
refined as follows.

We have seen that WQSym™ can be identified with the (opposite) Solomon-Tits
algebra. The dual basis N, = M} of the monomial basis of WQSym has the
internal product rule [NT06]

(5.1) Nu * Nv = Npack (7;),

and the embedding of the Solomon algebra into the Solomon-Tits algebra is given
by the Hopf embedding of Sym into WQSym”*

(5.2) S'e ) N,
ev(u)=I

For example, 521 = N112 + N121 + N211.
In particular, S,,(kA) and the Eulerian idempotents can be interpreted as elements
of WQSym, and one can define a new basis

(5.3) K, :=N,* E'" (r = {(ev(u)) = max(u))

which will be a simultaneous eigenbasis for the modified Adams operations ¢ (F) :=
F o« (Ul)k.

The closed expressions given in Sym can be readily extended to WQSym™ thanks
to the following lemma.

Lemma 5.1. Define a right action of S,, on WQSym by

(5.4) N, -0 := Nyg, where uo = Ug(1)Uo(2) - * * Ug(n)-
Then, for any I E n,
(5.5) N, * ST = (N, * S) - 0.

Proof — If ST contains N, it contains the N, for all permutations 7, and
(5.6) pack (UT> = pack < u_1> - T
v uT

For example, with v = 111122, v = 212211, 7 = 451623, we have ur = 121211,
- 121211 111122
;};2;11: 211212, pack (5155,;) = 232411, pack (5,,575) = 211234, and 2112347 =
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This implies* that (f - o) * g = (f xg) - o for all f € WQSym,g € Sym,, and
oc€eGg,.
Hence,

(5.7) Vr(Ny) = Zﬁk(U,U)Nm

v>U
where Si.(v,u) := Bx(ev(v),ev(u)), and
(_1)5(6"(”))—5(6\’(”))

(5-8) Ko=) vty ov@)

v>u

where the order on packed words u, v is the reverse refinement order on the corre-
sponding set compositions o, 7.

Given a spreadability system and a sequence (X;) of random variables, and defin-
ing the linear map ¢ as above by @(IN,) = ¢, (X1, ..., X,), the cumulants are given
by
(5.9) Ky (Xy,...,X,) = o(K,)
and we recover the relations between moments and cumulants of [HL17, Th. 4.7

and 4.8].
By construction,

(5.10) K, % S,(NA) = NU WK,

which is [HL17, Th. 4.14]. Indeed, according to [HL17, Definition 4.1}, p-(N.Xy,..., N.X,,) =
O(N, xS, (NA)).

Adapting the argument given at the end of [DHNT11], one can prove the following
extension of the “splitting formula” of [GKL™95]:

Proposition 5.2. If fi, fo,..., [, € WQSym™ and g € Sym, then

(5'11) (flfQ"'fr)*g:Mr[(fl(X)"'@fr) *TATQ]'
The same argument as in (4.6) proves then the following product rule for the K,:
(5.12) N.N, =) ¢/, N, = KK,=> K,

That is, N, — K, is an algebra automorphism.

6. PARTIAL CUMULANTS

The defining formula (2.56) of the cumulants can be inverted using the Mobius
function (2.52), but neither this nor the formula of Cartier and Good (2.12) are
suitable for the efficient calculation of cumulants of higher orders. In the case of
exchangeability systems recursive formulas are available which are more adequate
for this purpose; see [Leh04, Proposition 3.9]. In the classical case, the recursion
reads as follows:

(6.1)  K(X1,Xs,.... X)) =EX1Xp--- X, = Y Ku(X;:ie AR ] X;
]

Ag[n JEAC
1€eA

4Incidentally, this also proves the existence of the descent algebra. If one denotes by ¢ the dual
of the inclusion map FQSym — WQSym, which is given by ¢(N,) = Fgq), then #(ST+N,) =
#(ST) - std(v), so that ¢(ST * N,) = ¢(ST) x ¢(N,).
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and in the univariate case it specifies to the familiar formula [RS00]

n—1
n—1
(6.2) Kp = My, — Z <k B 1) KMk

k=1

In the free case it specifies to the free Schwinger-Dyson equation [MS13] and from
the point of view of combinatorial Hopf algebras this has been recently considered
under the name of “splitting process” [EFP16].

Turning to our general setting we note that already in the case of monotone proba-
bility we lack a simple recursive formula; however Hasebe and Saigo [HS11a, HS11b]
found a good replacement in terms of differential equations. This was generalized
to spreadability systems in terms of partial cumulants introduced in [HL17, Section
6] which are the images by ¢ of some interesting elements of WQSym™ which we
shall study in this section.

We start with the analogous questions in Sym, which are simpler and imply easily
the general results in WQSym*.

Let T = (t,...,t,) be a sequence of binomial elements (scalars), so that the
noncommutative symmetric functions of ¢;A are defined by
(6.3) o1(t;A) :== o1(A)Y
and the analogs of the formal multivariate moments [HL17, Eq. (6.2)] are
(6.4) SHT; A) := S; (1 A) - S, (t,A).
The (generic) cumulants are thus

o

(6.5) K= 5ron ot T—(0...0) S(T:A)

Imitating [HL17, Def. 6.1], we define the partial cumulants as

(E1yeestj—1,1t 54150, tr) 8 I
6.6 K, oy = — ST A).
(6. 7|, ST
Recall that oy = exp(¢), where ¢ = 3 -, 1, = EW. Therefore,

0
6-7 - A t pr—
( ) ot o 01( ) ¢7
so that
0
(6.8) L SUT; A) = Sy (i A) -+ Sy, (t, )81, (B2 A) - S5, (8 A),
J t]':()
and inserting
(_1)£(H)_1 SH a( H SH

(6.9) On = ZW : Z fi(H, (n))S",

HEn HE=n
we obtain the analog of [HL17, Prop. 6.2]
(6.10) R{etimnsetente) ™ GUHE (7 16 . 4)i(H, (n)),

KFij

where 7" = (t1,...,tj_1), T" = (tj+1,...,t,) and 1? means (1,...,1) (p times).



COMBINATORIAL HOPF ALGEBRAS IN NONCOMMUTATIVE PROBABILILITY 17

Now,

O i/
(6.11) a—th (T; A)

is the homogeneous part of degree n in

a ..
(6.12) Siy(t1A) -+ S, (tj—lA)gethim (tj414) -+ S;, (8 A)
J
(6.13) = Siy(t1A) -+ Sy, (L1 A) o7 Sy, (41 A) -+ S, (- A)
(6.14) = Siy (hA) -+ Siy (L1 A)oy 85, (L1 A) -+ Si (- A),

the last two expressions being respectively equal to

L

2: (t1setj—1, 1,5, tr)

(6'15> K(il7~~-77:j—170477:j—a77:j+1 ~~~~~ ir)id
a=1

and
ij
2 : (1,0t —1,t5,1,0t0)

<6'16) K(il7--~,Z'jflvij*a:a,ij+l 77777 ir)si+1
a=1

These relations are then extended to WQSym™ by defining N,,(7") in such a way
that

(6.17) SUT:A) = Y N(T),
ev(u)=I
which implies that (cf. [HL17, Th. 4.5])
(6.18) Nu(T) = Br(v,u)N,.
v>U
Example 6.1. With I = (2,2,1) we have
(6.19)
t t
S2UT;A) = (t152 + (21)5”) (t252 + (22) S”) t55,
221 t 2111 t 1121 t t2 11111
(620) - t1t2t35 -+ tl 2 tgs -+ 2 t2t35 + 2 2 t35' 5
so that
t 1
(6.21) Ky = (t152 + (21)5“) (S — §Sll)t351
1 t 1/t
(6.22) _ t1t35221 o §t1t332111 + <21)t351121 . 5 (21)753311111'
Similarly,
(623) SQIII(T; A) == (tlsg + (Z;l) Sn) t2t3t45111
and

t
(6.24) Kgisa = (t152 + ( 21> S“) tatg ST
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We have indeed

1 t t 1
K((;;,ll),;tzg) + K((;lnti)l;s) _ t1t35221 + tltg(tg _ 5)52111 + (21)15351121 + (21> (t2 . 5)1535'1“11
0

(6.25) = a—tQSm(T; A).

In WQSym*, this would translate for the set composition 7 = 24|15|3 > u = 21312
as

(6.26)
123 t1 i1\ (12
Noys12(T5 A) = t1tat3Noyz10+ 1 9 t3N21413 + 9 tot3N31493 + 9 9 t3N31504,
and
t
(6.27) Nois13(T; A) = titatstaNojas + (21)252?537541\131524,

and the partial cumulants K. éil|71157|t3?~)157 Kéff‘lﬁé‘;?) would be respectively

. 1 t 1/t
(6.28) Ké?:nl;%) = 11t3N21310 — §t1t3N21413 + (21)753N31423 3 (21)1531\131524

131

(6.29) Kglﬁ?s;é’w = t162t4No1413 + (2

) t9t4N31504

7. LEFT AND RIGHT PRODUCTS WITH THE EULERIAN IDEMPOTENTS

We have seen that the cumulant basis is given by the internal products N,, * El]
where r = ((ev(u)) = max(u).
The aim of this section is to compute the internal products

(7.1) N, * E™M and EM«N,

for arbitrary u and k.

Let u be a packed word. Recall that v is said to refine w« if for all © < j, v; >
v; <= u; > u; and v; = v; = u; = u;. In this case, we write v > u or v € Ref(u).
This is the usual notion of refinement on set compositions: each block of u is a union
of consecutive blocks of v.

We shall say that v is a weak refinement of u, and write v = u or v € WRef(u), if
for all © < j, v; = v; = u; = u;. On set compositions, this means that each block
of u is a union of blocks of v.

For example,

Ref(122) = {122,123, 132},

7.2
(7.2) WRef(122) = {122,211,123, 132,213,231, 312, 321}.

Thus, the word w = pack () is finer than u and is such that w; = w; = v; = v;.
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We shall compute the generating functions

t
_ . r (] o
(7.3) Uy(t) = o' ¥ N, = ET B AN, = §u | <max(u)>N“ +N,

7 - 2 Cw)

weWRef(v) \uelU(v,w)

where
(7.5) U(v,w) = {u| pack (Z) = w}
and
t
. t r [r] _—
(7.6) V,(t) = N, ol = Zt N, * Bl = Z (max<v)) N, * N,

o 2 2 () |

w>u \veV (u,w)

where

(7.8) V(u, w) = {v[ pack Cj) - w} .

When convenient, we shall freely identify packed words with their corresponding
set compositions without further notice.

7.1. A closed formula for U,(t). The pairs (v, w) such that U(v,w) is nonempty
are those such that w € WRef(v).

Proposition 7.1. Define a set composition ug = ug(v,w) as the one obtained by
merging two consecutive blocks p',p" of w if the blocks of v containing p' are strictly
to the left of those containing p”, and iterating the process until no further blocks
can be merged.

Then, U(v,w) is the interval

(7.9) U(v,w) = [ug,w] (compositions finer than ug and coarser than w).

For example, let us compute U (13211, 15342). The corresponding set compositions
are 145|3|2 and 1/5|3|4]|2. To construct ug, one can merge the second and third blocks
of w, and also the fourth and the fifth ones, which yields uy = 1|35|24. Therefore,

(7.10) U(13211,15342) = [13232,15342] = {13232, 14232, 14342, 15342}.

To compute U(13211,24315), the corresponding set compositions are 145|3|2 et
411]3]2|5, we obtain ug = 4]123|5, so that

(7.11) U(13211,24315) = [22213,24315] = {22213, 23214, 23314, 24315}.

Finally, with U(13211, 13214), the set compositions are 145|3|2 et 14|3|2|5, ug =
12345, and

(7.12) U(13211,13214) = [11112,13214] = {11112,12113, 12213, 13214}.

Proof — It follows from the definition of pack (Z) that if two elements 7, j are in the
same block of w, then, they must also be in the same block in » and in v, and
otherwise 7 is in a block strictly left to the block of j in v if and only if either 7 is
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in a block left to the block of j in w, or ¢ and j are in the same block of u, and the
block of ¢ if left to the block of j in v.

Thus, any u € U(v, w) must be obtained by merging some consecutive parts in w,
so that © < w. Moreover, to get w as pack (7;), one can only merge blocks satisfying
the constraints mentioned in the definition of ug, so that u > uqg. -

So, U(v,w) is the interval [ug, w]. This interval is clearly a boolean lattice. More-
over, if we set ag = max(ug) and a = max(w), the number of elements of this lattice
such that max(u) =k is (_%°), so that

k
(7.13) UEUE(U:W) (mai(u)) = z;% (C;__(ZO) (,i) - (t + aa— ao>,
and finally |
(7.14) Uu(t) =) (t " maﬁ:i(;)aom w)> Mo

where ag(v, w) = max(ug(v, w)).
In particular, the coefficient of N,, in EY %« N,, is the coefficient of tN,, in U,(t),
which is
—ap)!(ap — 1)!
(7.15) (= 1)1 (0= %) ('“0 ) (1) B — ag+ 1, a0)
al
where B is the Beta function. This is formula (7.3) of [HL17] for the Weisner

coeflicients.

7.2. A closed formula for V, (). Let us now describe V(u,w). Since the packing
process commutes with the right action of the symmetric group (see (5.6)), we
can apply to u the smallest permutation o such that uo is nondecreasing (i.e., o =
std(u) ™), so that pack (*7) = wo. We can therefore assume that  is nondecreasing.

Proposition 7.2. Let w¥ = pack(wj,wj, - - - w;,), where {ji,...,j,} = {jlu; = i}.
Then,
(716) Z Mv - Mw(l)Mw(Q) Tt Mw(max(u)) .

veV (u,w)
Proof — Note first that no relation is imposed between the letters of v corresponding
to different letters of u. The only order constraints are among places where u has

identical letters, and these are the same as in the corresponding letters of w. This is
precisely the definition of the convolution on packed words, describing the product

of the M basis. ‘
Since the map M,, — (i) is a character of WQSym,
t max(u) ;
1 _ Y
o e; ) (max(v)) H (max(w(l)))

We have therefore

max(u)
(7.18) AGEDS | (maxfw“U)Nw'
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For example, take v = 1122 and w = 2133. We have w® = 21 et w® =
pack(33) = 11. The product is

(7.19) My 1M1 = Maii1 + Majaa + Maiss + Moo + Msai,
and the set of v is
(7.20) V(1122,2133) = {2111, 2122,2133, 3122, 3211}.

We can then see that

(7.21) 2(;) + 3(;) - %T_U - (;) G)

as claimed.

7.3. Mixed cumulants. The mixed cumulants described in Section 7 of [HL17]
correspond to the elements K, * N, = N, * E™*W] 4« N of WQSym™.
We shall compute the generating series

(7.22) N, * 0} %N, = > N, EM«N,.

This amounts to computing

max(u)

(7.23) > 11 (max 6 )NUI*NU.

u'>u =1

Let us compute the coefficient of N, in (7.23). First, the packed words having a
nonzero coefficient in this expansion are those finer than u, which are weakly finer
than v. Let w be such a word. The coefficient of N,, is obtained by summing the
coefficients of all ' > wu such that pack ("f}l) = w. The set of those u' is therefore the
set of packed words which are finer than u and than ug(v,w), and that are coarser
than w.

This set is an intersection of boolean lattices, hence also a boolean lattice. More-
over, the subwords of u consisting of identical letters cannot interfere with each other,
so that this lattice is in fact the product of the lattices obtained by restricting v and
w to positions where u has identical letters.

Thus, the result is obtained by applying (7.14) on each set of positions where u
has identical letters since these pieces are independent and N;» = .5, is neutral for

X, u

The result is therefore
max(u)

w®) — (@ wd
(7.24) N,+ol+N, = Y ] (Hmax ) —a(tw ))Nw,

e i max (w®)

where a is as previously defined, and W (u,v) is the set of packed words finer than u
which have equal letters only at positions where u has equal letters, and v® et w
are the subwords of v and w corresponding to the positions of the letter 7 in u.

Example 7.3. Let u = 11122 and v = 12234.
Take w = 23145. We form the packed words of the restrictions of v and w to the
positions where u has equal letters, which gives for the first block v = 122 and
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w® = 231, with a contribution of (*}") for this factor (since u(()l) = 221) and for the

second, v(? = 12 et w® = 12, hence a contribution of (*}') (since u? =11).

For w = 21354, we have respective contributions of (tgl) and (}) since u(()l) =212
and u(()Q) =21

For w = 31245, we have respective contributions of (;) and (tgl) since uél) =312
and ugf) =11

For w = 31254, we have respective contributions of (;) and (;) since ugl) = 312
and u((f) =21

Finally, for w = 12243, we have respective contributions of (tgl) and (;) since
ul) =111 and u? = 21.

8. MISCELLANEOUS REMARKS

We have already noticed

(8.1) pack (ZZ) = pack (:j) o

for any permutation o.

Taking the smallest permutations sorting u (o = std(u)~'), we can restrict to the
case where u is nondecreasing. With a second permutation, we can restrict to the
case where v is nondecreasing on positions where u has equal letters. Moreover, if

(8.2) pack (Z) — pack (;i) :

then

/ /
(8.3) pack (u ) = pack <u >
(% (%)

for all «’ finer than w. In the latter argument, it is thus possible to restrict to the
case where u is a shifted concatenation of packed words, one per block of equal
letters of w.

9. A GENERALIZATION OF GOLDBERG’S FORMULA

The product of exponentials

(9.1) g=ctem. = 3 %MU(A), (ul = [ bkt

u packed

is naturally an element of the completion Was\ym of WQSym. It is grouplike
for the coproduct of WQSym, which in this case coincides with the coproduct of
K{A). The Hausdorff series

(9.2) H(ay,ay,...)=logg = ZcuMu

u

is thus also an element of W@m. The coefficient ¢, can be computed by Gold-
berg’s formula, of which new proofs respectively based on arguments from combi-
natorial Hopf algebras and of noncommutative probability have been recently given

in [FPT16] and [HL17].
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The homogeneous component H, of H is the image of g, by the first Eulerian
idempotent eLl], aka Solomon’s idempotent. More generally, the image of g, by el

is the coefficient of t* in g'. Define polynomials c,(t) by

(9.3) g = (e ) = > cu(t)My(A).

u

Since g is grouplike, we can, as in [FPT16], define an injective morphism of Hopf
algebras

(9.4) ¢ : Sym — WQSym

(9.5) Sn = gn

Then, ¢' = p(ct) and

(9.6) cu(t) = (Nu, 9(07)) = (¢'(Ny), o)

(9.7 = 3 (4 P05

where o' : WQSym"* — QSym is the adjoint map, and (-, -) is the duality bracket.
Now, recall that the coproduct of N, is given by [NTO06]

(98) ANu - Z Npack(ul) X Npack(ug)
u=u1-us

(deconcatenation). We can omit the packing operation in this formula if we make
the convention that N,, = N, if u = pack(w). Then, since ¢, and hence also ¢’ are

morphisms of Hopf algebras, for a composition I = (iy,...,1,),
(9.9) (p'(Nw), 8) = [ [ (' (Nw,), %)
k=1

where u = ujus - - - u, with |ug| = i) for all k. Moreover, this is nonzero only if all
the uy are nondecreasing, in which case the result is 1/(uq!- - u,!).

Let uw = uy - - - u, be the minimal factorization of u into nondecreasing words (i.e.,
such that the last letter of each w; is strictly greater than the first one of u;,1), and
let I = (|u,...,|u]).

Let also J = (j1,...,Js) be the composition obtained by factoring u into maximal
blocks of identical letters,
(9.10) w ="'y

Then, it is worth noticing that c,(t) is the (¢, E) specialization of
(9.11)

X 4) = 3 Mi(X)55 = 3 ( 3 MK<X>) S"(4) € QSym® Sym,
K>T H>J \KVJ=H

where V denotes the join in the lattice of compositions of n. For a binomial element ¢,
Mk(t) = (z(%))’ and the (virtual) exponential alphabet E is defined by S(E) = 4.
The set {K|K VvV J = H} is a boolean lattice: it is the interval [I V L, H| where
Des(L) = Des(H)\ Des(J). Therefore,

(9.12) (W)=Y (t M(g{g a ))SH(E).
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For example, with u = 113223, we have I = 33, J = 2121,

cu(X, A) =(Mssz + Moz + Moy + Mayar) S
+ (Mi2g + Mi11s + Migor + ]\411121)511121
+ (Mayg + Msy1q + Mayig + Mopqpp)S?HH!
(9.13) + (Mizia + Miginn + Migiiz + Mg ) S

whose (¢, E)-specialization reduces, by binomial convolution, to
(9.14)

t+2 1 . t+2 1 . t+2 1 . t+2 1
4 ) 21112111 5 ) 112! 5 ) 21111t 6 ) 11111t

This is the image of the polynomial

t(2t* + 1)

5 r = E*?\(t)

(9.15) [
under the linear substitution t* (t+2).

Define a linear map F; : ¥ +— ("7
of normalized Eulerian polynomials

), and associate to a composition J the product

o
(9.16) E(t) =

k=1

<

: tEjk (t> t+ 1)
J!

as in Goldberg’s formula [Reu93, Theorem 3.11], where

(9.17) En(z,y) = ) a7y,

and d(o) is the number of descents of o.
Theorem 9.1. The t-Goldberg coefficient c,(t) is
(9.15) eult) = Fu (B (1),

where r = (1), s = ((J), and I,J are the compositions recording respectively the
lengths of the nondecreasing runs and of the maximal blocks of identical letters of .

The coefficient of ¢ in F,_.(t*) is

(=1)kmstrt (s —r)!(k ;!S +7r—1)!

= (1)t 1B —r+1,k—s+7)

0
dt
— / tk . t’f‘*l(l _|_ t)877‘_
. s

(9.19)

(since k > s and r > 1), which applied to (9.18) yields the classical form of Gold-
berg’s formula:

(9.20) Cy = [t]cu<t> — /_O tr—l<1 + t)s_r ﬁ Ejk (t?t—F 1>dt

|
1 i} Jk:

Note that » — 1 is the number of descents of u, and s — r its number of rises.
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10. MIXED CUMULANTS AND GOLDBERG COEFFICIENTS

It remains to explain the occurrence of Goldberg coefficients in the expansion of
mixed cumulants on the cumulant basis.

As before, we shall work with the t-analogues.

Let u be a packed word. Define as above two compositions I (u) and J(u) recording
the lengths of the maximal nondecreasing factors and of the maximal blocks of
identical letters of u. For example,

(10.1) I(31121) = (1,3,1) and J(31121) = (1,2,1,1).

Note that J(u) > I(u).

Following [HL17], with a pair of words such that v = u, we associate their refine-
ment word m(u,v) defined as follows: |m(u,v)| = max(v), and m; = u; whenever
v; = 1. For example,

(10.2) m(12113,41223) = 2131, m(111123,353241) = 31121.

We can now reformulate (7.14) as

(10.3) Uf) =0t N, = 3 (t“(‘](r})(gn_)’g(“m)))m.

weWRef(v)
m=m(v,w)

For example,

t+1 t t+1 t+1
UllQ(t)I( 2 )N112+<2>N221+( 3 )N123—|—< 3 )N132

t+1 t t+1 t
+( 3 >N213+(3)N231+( 3 >N312+(3)N321-

Computing Ujy22(t), one finds a sum of 38 terms, corresponding to the packed words
of which the first two or the last two letters can be identical. There are 7 different
coefficients in this expansion, given below together with their associated words:

(10.4)

t+2
( * ) - {1324, 1342, 3124, 3142}

:{1234,1243,1423,1432,2134, 2143, 2314, 2341, 2413,

2431, 3214, 3241, 4123, 4132, 4213, 4231}

- [1123,1132, 1233, 1322, 2133, 2213, 2231, 3122]

- {1122}

: {2311, 3211, 3312, 3321}

- {2211}

)
3
2
(t) {3412, 3421,4312, 4321}
9
)
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Let us now establish the equivalence of (7.14) and (10.3). We have to prove that
for all v and w such that w € WRef(v) :

(t+max(w) - ao(v,w)) _ <t+€(J(m)) —é(l(m)))

max(w) |/ (m)]

First of all, it is clear, by definition, that |J(m)| = max(w). Moreover, max(w) —
ag(v,w) is the number of blocks of w (regarded as a set composition) whose all
elements are all strictly to the left in v of all elements of the next block. This
amounts precisely to merging two parts of J(m) whenever the corresponding values
in m values are in increasing order. Thus, max(w) — ag(v, w) = €(J(m)) — £(I(m)).

Consider now the expansion of U,(t) on the basis K,. Recall the transition
matrices between N and K.

(10.6)

(_ 1)max(w) —max(v)

(10.7) K,= ) N,

weRef(v) Wev(m(u’ U))

where 7o, (m) =[], |m];.
Notice that by definition

(10.8) K, = [("*WIN, * ot

Indeed, to obtain the correct power of ¢, one must select in each ( ]\Z) the coefficient

. . (71)]&1—1
of ¢, which is *—5;—.

In the other direction,

(10.9) N,= Y ;Kw,

e
weRef (v)

where 7, (m)! =[], |m/|;!.
Ths yields for the expansion of U,(t) on the basis K

(10.10) Ut)= > mpa(OKs,
xeWRef (v)

where ¢p,(v 0y is defined in Eq. (9.12).

Indeed, to go from the expression of U, on the N, to its expression on the K,
notice that the N,, contributing to a given K, are those such that w < x and
w > v. This is a boolean lattice, an interval [xg, 2] where x, is obtained by merging
consecutive blocks of x whenever these blocks are contained in a block of v.

We must therefore evaluate

1 t+L(J(m(v,w))) — £(I(m(v,w)))
(10.11) Z _wev(m(w,l‘))!< |J(m(v,w))| )

For a w € [z, 2], it is easy to compute m(v,w). The set of those m(v,w) is the
set of words obtained from m(v,z) by replacing blocks " of consecutive identical
letters by smaller blocks , 1 < p < r. On this set, {(J(m)) — ¢(I(m)) is con-
stant, H = ev(m(w,x)) runs over the set of compositions finer than ev(m(zo,x)),
1/ev(m(w,z))! = SH(E) and |J(m(v,w))| = max(w) = ((H).

For example, let v = 111123 and x = 356241. Then, xy = 244231. The contribu-
tion to K, in U,(t) come from the four words

(10.12) {244231, 245231, 355241, 356241}.

wE[zo,z]
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Their words m(v,w) are respectively 3121, 31211, 31121 and 311211. The m(w, z)
are 122344, 122345, 123455 and 123456. The sum of all contributions is

1/t+1 1/t+1 1/t+1 t+1
10.1 — — — .
o () () () ()
This is the same as ¢, = cz11211(¢). Indeed, I(u) = (1,3,2) et J(u) = (1,2,1,2), so
that we get

(10.14) > (Z (;;) SH(E)

H>1212

which yields the same expression as (10.13).

Finally, one can give the general formula for N, x o} * N, on the K,. This is
immediate, since the transition from N to K does not change the structure of the
product. We get

max(u)

(10.15) Nyxot«N, = Y ][] eno(®Ka,

weW (u,v) =1

where ¢, (t) are the t-Goldberg coefficients, and m® = m(v®, w®).
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