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Nous sommes donc conduit i une contradiction, ce qui veut dire que
I’hypothasc faite au début était absurde et que le cyele K doit éire bouclé.

C. Q. F. D.

4. Nous avons vu au paragraphe précedent qu’il est relativement aisé de
reconnailre si un cycle donné est homologue a un cycle non bouclé, ou si
deux cycles donnés sont respectivement homologues 4 deux cycles qui ne se
coupent pas. Nous allons dans le présent paragraphe examiner une question
analogue :

Comment reconnailre si un cycle donné est équivalent 2 un cycle non
Louclé, ou si deux cycles donnés sont équivalents 4 deux cycles qui ne se
coupent pas ?

Mais avant d’aborder celle question, revenons sur la définition de I'équi-
valence.

Jusqu’ici nous avons.toujours entendu cette équivalence de la fagon
suivante :

Quand nous écrivons
C=C, .
H. P, — VL a9
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Tibor Radé
1895 — 1965

i Uber den Begriff der Riemannschen Fliche.
Von Tisor Rapd in Szeged,

Einleitung.

Die vorliegende Arbeit enthilt eine Untersuchung, zu welcher
ich beim Studium des grundlegenden Werkes des Herrn WevL
iiber Die Idee der Riemannschen Fliche gefiihrt wurde. Bekannt-
lich wird in diesem Buche der Begriff der Rumannschen Fliche
zum erslen Male in vollkommen strenger Weise erklért, und zwar
wie folgt. Eine Rizmannsche Fliche ist eine zweidimensionale
Mannigfaltigkeit, welche trianguliert werden kann, und fiir welche
eine konforme Abbildung im Kleinen mitgegeben ist. Wir werden
diese Begriffe eingehend besprechen (§5 1 und 4), miissen aber
gleich an dieser Stelle die Forderung der Triangulierbarkeit doch
elwas genauer betrachten, um unser Problem formulieren zu kbnnen.

Der Ausdruck zweaidi; le Mannigfaliigkeit wird- nicht
von-allen Autoren in demselben Sinne gebraucht. Sie ist jeden-
falls ein zusammenh#ngender topologischer Raum im Hausporer-
schen Sinne, welcher im Kleinen der xy-Ebene homSomorph ist:
aber es wird manchmal ‘noch die Forderung an sie gestellt, sie
soll dem zweiten Hausporerschen Abzahlbarkeitsaxiom geniigen.
Wollte man den Ausdruck zweidimensionale Mannigfaltigkeit bei
der Erklirung der Riemannschen Fliche in diesem Sinne verstehen,
so wire die Forderung der Triangulierbarkeit tberfltissig. Unter
Voraussefzung. dieses Abz&hlbarkeitsaxioms bietet ndmlich die
Triangulierung einer zweidimensionalen Mannigfaltigkeit keine
prinzipielle, sondern nur technische Schwierigkeiten, und die ex
plicite Forderung der Triangulierbarkeit wiirde einfach bedeuten
dass man mit moglicherweise umstindlichen, aber im Grunde
ganz einfachen Betrachtungen keine Zeit verlieren will.

1925









S—-A+F=x=2-2g9-b

































On peut se placer, dans ’étude de la question qui mous occupe, a plasicurs
points de vue différents. Représentons d’abord notre surface par un polygone
fuchsien R, de In premidre famille, construisons les différents transformés de
ce polygone par les transformations du groupe fuchsien correspondant G; ces
transformés rempliront le cercle fondamental. Un cycle quelconque C sera
alors representé par un arc de courbe MM, allant d’un point M & un de ses
transformés M'. Deux cycles proprement équivalents seront représentés par
deux arcs de courbe MPM' et MQM' ayant mémes extrémités et réciproque-
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ALGORITHMS FOR JORDAN CURVES ON
COMPACT SURFACES

BY BRUCE L. REINHART*
(Received October 20, 1960)

As is well known, free homotopy classes of mappings of the circle into
a space correspond to conjugacy classes in the fundamental group. If the
space is two-dimensional, such a free homotopy class may or may not con-
tain a simple closed (that is, Jordan) curve. Our purpose here is to give
an algorithm for determining which free homotopy classes admit such a
curve in the case of compact surfaces of negative Euler number. Our al-
gorithm is applicable to orientable and non-orientable surfaces, with or
without boundary. This problem was first discussed by Dehn [4] and later
by Baer [1] and Goeritz [5]. All of these studies are based on cutting the
surface into spheres with 3 holes and deriving a (hopefully) canonical form
for each free homotopy class by pasting together curves on each sphere
with holes. Except for the surface of genus 2 without boundary, no
complete answer has been achieved in this way. We shall treat the prob-
lem globally by imbedding the fundamental group into the group of mo-
tions of the hyperbolic plane, in the spirit of Poincaré [14] and numerous
works of Nielsen. As a preliminary, we give in §1 a simple method for
assigning to each word in the usual generators of the fundamental group
a curve on the surface which has double points only in the neighborhood
of the base point, and no other multiple points. We call such a curve an
indicating curve for the word. In § 2, we apply the fact that each motion
of the hyperbolic plane which arises in our problem leaves fixed a unique
geodesic, its axis. The projection of an axis onto the surface is the u-
nique geodesic lying in the free homotopy class containing the motion of
which it is axis. For orientable surfaces, a free homotopy class admits a
simple closed curve if and only if its geodesic is simple [14, p. 467], while



Henri Poincaré. V-eme complément a I'analysis situs. Rendiconti del
Circolo Matematico di Palermo, 18(1):45 -110, 1904.

Bruce L. Reinhart. Algorithms for jordan curves on compact surfaces.
Ann. of Math., p. 209-222, 1962.

Heiner Zieschang. Algorithmen fur einfache kurven auf flachen.
Mathematica Scandinavica, 17:17-40, 1965.

Heiner Zieschang. Algorithmen fir einfache kurven auf flachen Il.
Mathematica scandinavica, 25:49-58, 1969.

David R.J. Chillingworth. Simple closed curves on surfaces. Bull. of
London Math. Soc., 1(3):310-314, 1969.

David R.J. Chillingworth. An algorithm for families of disjoint simple
closed curves on surfaces. Bull. of London Math. Soc., 3(1):23-26,
1971.

David R.J. Chillingworth. Winding numbers on surfaces. II.
Mathematische Annalen, 199(3):131-153, 1972.

Joan S. Birman and Caroline Series. An algorithm for simple curves on
surfaces. J. London Math. Soc., 29(2):331-342, 1984.



Marshall Cohen and Martin Lustig. Paths of geodesics and geometric
intersection numbers: |. Ann. of Math. Stud. 111:479-500, 1987.

Martin Lustig. Paths of geodesics and geometric intersection numbers:
Il. Ann. of Math. Stud. 111:501-543, 1987.

Joel Hass and Peter Scott. Shortening curves on surfaces. Topology,
33(1):25-43, 1994.

Joel Hass and Peter Scott. Configurations of curves and geodesics on
surfaces. Geometry and Topology Monographs, 2:201-213, 1999.

Maurits de Graaf and Alexander Schrijver. Making curves minimally
crossing by Reidemeister moves. J. Combinatorial Theory, Series B,
70(1):134-156, 1997.

Max Neumann-Coto. A characterization of shortest geodesics on
surfaces. Algebraic and Geometric Topology, 1:349-368, 2001.

J.M. Paterson. A combinatorial algorithm for immersed loops in
surfaces. Topology and its Applications, 123(2):205—-234, 2002.

Daciberg L. Gongalves, Elena Kudryavtseva, and Heiner Zieschang. An
algorithm for minimal number of (self-)intersection points of curves on
surfaces. Proc. of the Seminar on Vector and Tensor Analysis,
26:139-167, 2005.



closed free special
surface | counting | homotopy feature
Chillingworth winding
'69 number
Birman & retraction
Series ’84 v onto a graph
Cohen & retraction
Lustig '87 v v onto a graph
canonical
Lustig '87 v v v representative
de Graaf & Reidemeister
Schrijver 97 v v v moves
Reidemeister
Paterson 02 v v v moves
Goncalves algebraic
et al. '05 v v v approach







@ If a curve cis primitive its lifts are uniquely defined by their
limit points.

@ If 7 is the hyperbolic translation corresponding to a lift ¢y of
a primitive ¢ then
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@ If a curve cis primitive its lifts are uniquely defined by their
limit points.

@ If 7 is the hyperbolic translation corresponding to a lift ¢y of
a primitive c then

1(c) = |{set of pairs of limit points crossing ¢y} /()]

The plan
For a given curve ¢
@ Determine the primitive root of c.

© Count the number of classes of crossing pairs of limit
points (for the root of c).

© Use adequate formula if ¢ is not primitive.
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Hyp : All faces are quadrilaterals.

Discrete curvature

ks=1— =+ =2

ds := degree of s and c¢s := number of incident corners.

Combinatorial Gauss-Bonnet Theorem

seS

PROOF. ) . ghs=S—A+ F=x O
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The 4 brackets Theorem

Hyp : All faces are quadrilaterals and all internal vertices have
degree > 4.

4 brackets Theorem (Gersten and Short *90)
The boundary of a non-singular disk has at least 4 brackets.

PROOF. By Gauss-Bonnet ) . grs = 1.
If sinternal: ks =1—-ds/2+cs/4=1—-1cs/4 <0.
If s on the boundary: ks = (2 — cs)/4.
Hence, on the boundary: #{s| cs =1} > #{s| cs > 3} + 4.
0
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Hyp : All faces are quadrilaterals and all internal vertices have
degree > 4.

Every contractible curve (non reduced to a vertex) without spur
contains at least 4 brackets.

van Kampen 33
Every contractible curve is the label of a reduced disk diagram.

PROOF.

Apply the 4 brackets Theorem to this disk. O
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The 5 brackets Theorem

The boundary of a non-singular disk with at least one interior
vertex has at least 5 brackets.

PROOF. By Gauss-Bonnet ) . gks = 1.
If sinternal: ks =1—ds/2+4+ cs/4=1—cs/4< 0.
If s on the boundary: ks = (2 — cs)/4.
Hence, on the boundary: #{s| cs =1} > #{s| cs > 3} + 5.
O
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Canonical representative

L. and Rivaud '12, Erickson and Whittlesey '13

After removing all spurs and brackets and pushing to the right
as much as possible, we obtain a canonical representative. It
can be computed in linear time.

One can decide if two curves are homotopic in linear time.
One can compute the primitive root of a curve in linear time.




Non-primitive curves

”(cP) = p? x1(c) + p—1




Non-primitive curves

2pg x1(c) ifc~dorc~d",
pg x i(c,d) otherwise.

1(cP,d9) = {

X

p x q p x
ax ~ q x / \

7
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Double paths
A double path is a pair of homotopic paths.
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Lemma

Double paths in a canonical representative (resp. a geodesic)
are quasi-flat.

Corollary

Each class of crossing pairs of limit points are uniquely
identified by a maximal double path.

| A\

| \

Lemma

The set of maximal double paths can be computed in quadratic
time.

\

PROOF. A pair of indices (i, j) may occur at most twice in
the set of maximal double paths. O



Lemma

Double paths in a canonical representative (resp. a geodesic)
are quasi-flat.

Corollary

Each class of crossing pairs of limit points are uniquely
identified by a maximal double path.

| A

| \

Lemma

The set of maximal double paths can be computed in quadratic
time.

A\

Despré and L. 16

The geometric intersection number of one (two) curve(s) can
be computed in quadratic time.
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Bigon swapping

Hass and Scott ‘85

A curve with excess intersection has either a monogon or a
singular bigon.

Despré and L. 16

Given ¢, an homotopic immersion with a minimal number of
intersections can be computed in O(|c|*) time.




Case of two curves
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Open problems

@ Propose an algorithm to compute a minimal immersion of
two curves.

@ Is quadratic time optimal to just compute the geometric
intersection number?

@ Find a better algorithm (less than quartic) to compute a
minimal immersion of single curve.

@ Design a better algorithm to just decide if the geometric
intersection number is null.

@ Propose an algorithm to compute a minimal immersion in
hyperbolic configuration (cf. Hass and Scott '99).
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