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Context : Understanding the possible interactions between a finite set P of n points in Rd and
the halfspaces is a fundamental question in discrete and computational geometry. It plays a role in
algorithms and data structures (for instance in convex hulls, point location, linear programming...)
as well as in complexity analysis (k-sets or configuration spaces). Among the classical results in this
area, let us mention

1. The number of subsets of P obtained by intersection with halfspaces is Θ(nd).

2. If n ≥ d + 2 there exists a partition P = P1 t P2 into two parts such that any halfspace
containing one part must also contain some point of the other part (Radon’s Lemma).

3. When n ≥ d+ 3, we can require the partition of statement 2 to be as even as possible, ie. have
size differing by at most 1 (Affine van Kampen-Flores Theorem).

4. There exists a set P ′ ⊆ P of size bd/2c+ 1 such that any halfspace containing P ′ contains at
least cd · n points of P , where cd is a constant independent of n (centersets Theorem).

5. There exists a partition of P into pairs (plus one singleton if n is odd) such that any hyperplane
intersects at most

√
n of the segments defined by these pairs (low crossing matching Theorem).

(See [22] for recent results along these directions.)

A natural question is whether one can model these interactions of points and halfspaces in Rd

abstractly in purely combinatorial terms. One of the most widely studied abstraction, originating from
a different context (learning theory, statistics), is that of set systems with bounded VC dimension. A
set system is a pair (X,R) where X is a finite set and R is a set of subsets of X. Given a set system
(X,R), define the projection of R onto Y as the set system (Y,RY ) where :

R|Y =
{
Y ∩ F

∣∣ F ∈ R
}

Then (X,R) has VC-dimension d if the size of the largest subset Y for which R|Y = 2Y is d. Any

finite point set P in Rd induces a point-halfspace set system where X = P and R collects all possible
intersections of P with the halfspaces of Rd. Radon’s Lemma implies that such set systems have
bounded VC dimension. The internship will examine to what extent set-systems of VC dimension d
differ from the set systems induced by points and halfspaces.

Goals : It was recently proved that not every set-system of VC-dimension d can be realized by
points and halfspaces, at least not in RO(d) [11]. A first question will be to try and strengthen this
result ; the Thom-Milnor theorem may provide an approach to generalizing it to dimension higher
than O(d). A second question will be to examine combinatorial analogues of the statements 1–5,
starting with :

Question (Combinatorial van Kampen-Flores) : Given a set-system (X,R) of VC-dimension
d (assume d is even), is it true that any set Y ⊆ X of d + 2 elements can be partitioned
into two equal-sized subsets Y1, Y2 such that any set in R containing Y1 must contain
some element of Y2 (or vice versa) ?
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