
4.1 Basic Geometric Systems

In this section we describe some constructions for simpler geometric set systems. The main
result we present is the following: given a set P of n points in
the plane, and a parameter ε > 0, there exists a subset P ′ ⊆ P
of size O(1/ε) such that any disk in the plane containing at least
εn points of P contains at least one point of P ′. See the figure
for an example with n = 16 points, and a 1/4-net with 5 points.

First note that a trivial lower-bound on the size of P ′ is Ω(1/ε):
arrange the n points into groups of size εn, and place the points in
each group within a small circle, and place these circles disjoint
from each other. Clearly, P ′ must contain at least one point from each circle, and there are
b1/εc disjoint circles. On the other hand, constructing P ′ by simply arbitrarily picking one
point from each circle is not sufficient, as there could exist a disk containing εn points of
P , but not completely containing any one circle, and so possibly not containing any point
of P ′. Surprisingly, the trivial lower-bound is tight: it is always possible to pick O(1/ε)
points such that any disk containing at least εn points of P is hit by a point of P ′.

Intervals in R. Given the set P of n points in R, our goal is to
pick a P ′ such that any interval that contains at least εn points
of P is hit by P ′. This is easy: sort the points of P by their coor-
dinates and simply pick every εn-th point in this order. As each
interval must contain a contiguous subset w.r.t. to this ordering,
it will be hit by P ′. The size of P ′ is exactly bn/εnc = b1/εc.

Anchored rectangles in R2. As another easy warm-up, con-
sider the following set system. Let P be a set of n points in R2,
each with a positive y-coordinate. We seek an ε-net P ′ for P w.r.t. rectangles anchored at
the x-axis. In other words, any rectangle intersecting the x-axis and containing at least εn
points of P should be hit by P ′.

To construct P ′, assume the points of P = {p1, . . . , pn} are sorted by increasing x-coordinates.
Partition P into 3/ε sets P1, . . . , P3/ε of contiguous points, with each Pi, except possibly the
last, containing εn/3 points. Add the point with the lowest y-coordinate in each Pi, say
point qi ∈ Pi, to P ′. This is our ε-net, of size at most 3/ε.

To see why P ′ is an ε-net, consider any anchored rectangle R containing at least εn points
of P . Then R must contain points from at least 3 sets in our partition, say the sets Pi, Pj
and Pk, where i < j < k. And so R must contain the point with the lowest y-coordinate in
the set Pj, qj.
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Halfspaces in R2. Given the set P of n points in R2, our goal is to pick P ′ such that any
closed half-space that contains at least εn points of P is hit by P ′.

Theorem 4.1. Let P be a set of n points in R2. Then there exists a subset P ′ ⊆ P of size
O(1/ε) such that any halfspace containing at least εn points of P contains a point of P ′.

Proof. First consider the easier case where P is in convex position. Then note that any
halfspace must contain a contiguous subset of P w.r.t. to the order in which the points
appear on the convex-hull. As before, picking every εn-th point along the convex-hull
gives an ε-net of size b1/εc.
What if P is not in convex position? Then we’ll first transform the points in P to a set Q

O

O

O

which is in convex position, construct an ε-net Q′ for Q as before, and
from Q′ reconstruct an ε-net P ′ for P .

Pick any point lying in conv (P ), say o ∈ P ; for each pi ∈ P , trace a
ray from o through pi till this ray intersects conv (P ) in some point,
say the point qi. Map pi to qi; if pi was on conv (P ), then qi = pi. And
let Q be the resulting set of n− 1 points, now in convex position. Pick
an ε-net Q′ for Q of size 1/ε.

Now we show how to construct an ε-net P ′ from Q′. Take a point
qi ∈ Q′. If qi = pi, i.e., pi was already on conv (P ), then add pi to
P ′. Otherwise, qi lies on some edge of conv (P ) that is defined by two
points pi, pj of P . Add both pi, pj to P ′. Finally, add the point o to P ′.

Clearly P ′ has size at most 2/ε. We claim that P ′ is an ε-net. Consider
any halfspace H containing at least εn points of P . If it contains o,
we’re done as o ∈ P ′. Otherwise, by construction, we have the prop-
erty that if pi ∈ H, then the corresponding point qi also lies in H. So H
contains at least εn points of Q. Therefore H contains a point qi ∈ Q′,
and so it must contain at least one of the two points of the edge of
conv (P ) on which qi lies.

HALFSPACES IN R3

We now show the existence of small-sized ε-nets w.r.t. closed halfs-
paces in R3.

Theorem 4.2. Let P be a set of n points in R3. Then there exists a subset P ′ ⊆ P of size
O(1/ε) such that any halfspace containing at least εn points of P contains a point of P ′.

This theorem will follow immediately from a general packing statement, which has had
several other applications as well. We present a proof of this packing statement for the
specific case required here, and later we will see its generalization to abstract set systems
(Section 5.3).
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Lemma 4.1 (Packing lemma for halfspaces in R3). Let P be a set of n points in R3. Let
H = {H1, . . . , Hm} be m subsets of P induced by halfspaces such that i) |Hi| ≤ k, and ii)
|∆(Hi ∩Hj)| ≥ 7k/4. Then m ≤ (16/3) · n

k
.

Proof. One can partition H into two sets induced by upper- and lower- facing halfspaces.
So it remains to show that each of these two sets has size 8n/3k. Thus for the rest of the
proof, assume H are induced by upper halfspaces.

Using the fact that |Hi|+ |Hj| = |∆(Hi, Hj)|+ 2|Hi ∩Hj| for any 1 ≤ i < j ≤ m, note that

|Hi| = |∆(Hi, Hj)|+ 2|Hi ∩Hj| − |Hj| ≥ 7k/4− k ≥ 3k/4

|Hi ∩Hj| =
|Hi|+ |Hj| − |∆(Hi, Hj)|

2
≤ |Hi|+ k − 7k/4

2
≤ |Hi| − 3|Hi|/4

2
≤ |Hi|

8

Let us pass to the projective dual with respect to the point (0,−∞). In the dual, we get
a set P ∗ of n halfspaces corresponding to the n points of P and a set of m points H∗
corresponding to the m halfspaces that induce the sets in H. By duality, these properties
of H now correspond to:

• Each point in H∗ is contained in at least 3k/4 halfspaces of P ∗.

• Any two points of H∗ are contained in at most min
{ |Hi|

8
,
|Hj |

8

}
halfspaces of P ∗.

Claim 4.3. H∗ is in convex position.

Proof. Otherwise, by Caratheodory’s theorem, there must be a point H∗i ∈ H∗ which is
contained in the convex hull of four other points of H∗. Clearly, each halfspace containing
H∗i contains one of these four points, and so there exists an H∗j contained in at least (1/4)-
th of the halfspaces of P ∗ containing H∗i . In other words, we have |Hi ∩ Hj| ≥ |Hi|/4, a
contradiction.

We will now show an upper bound on m by a double-counting argument. Let G be the
planar graph defined by the convex hull of H∗. By the above Claim, the vertices of G are
all the points in H∗ and the edges of G are the edges in the convex hull of H∗. For any
halfspace H, it is easy to verify that the points in H ∩ H∗ induce a connected subgraph of
G. We say that an edge e = (u, v) of G lies in H iff both u and v lie in H. Since the vertices
in H ∩ H∗ induce a connected subgraph of G, we have the following key inequality for
each halfspace H ⊂ R3:(

# of vertices in H − # of edges in H
)
≤ 1 (4.1)

Summing Equation (4.1) over all H ∈ P ∗, we have( ∑
H∈P ∗

# of vertices in H
)
−
( ∑
H∈P ∗

# of edges in H
)
≤ n.
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Since each vertex is in at least 3k/4 halfspaces of P ∗, the first sum above is at least (3k/4) ·
m. Also, since each pair of vertices in H∗ is in fewer than k/8 halfspaces of P ∗ and G
(being planar) has at most 3m edges, the second sum is at most (k/8) · 3m. We therefore
have

3k ·m
4
− 3m · k

8
≤ n,

implying that m ≤ 8n/3k, as required.

We will need one more result:

Lemma 4.2. Let P be a set of n points in Rd, and ε > 0 a given parameter. Then there exists
an ε-net P ′ for the primal set system induced by halfspaces in Rd of size O

(
1

εd+1

)
points.

Proof. Construct a set Q, not necessarily a subset of P , iteratively as follows: if there exists
a halfspace H containing εn points of P and no point of Q, add any point hitting Ω((εn)d+1)
simplices spanned by points in H∩P to Q. Such a point exists by the results of Section 3.3.
Note that such a point hits those Ω((εn)d+1) simplices for the first time, as H ∩Q = ∅. Thus

this process can continue for O
( ( n

d+1)
(εn)d+1

)
= O

(
1

εd+1

)
steps. Finally, replace each point q ∈ Q

with any d+ 1 points of P whose convex-hull contains q to get the desired set P ′. Now any
halfspace containing at least εn points of P contains some point of q, and hence one of the
points of P replacing q.

Proof of Theorem 4.2. Note that it suffices to consider halfspaces containing exactly εn
points of P since we can always appropriately translate a halfspace containing a larger
number of points until it contains exactly εn points. If we ensure that this new halfspace
contains a point of P ′, then the original halfspace contains the same point. Consider a
maximal set system H = {H1, . . . , Hm} induced by m closed halfspaces such that

• each Hi ∈ H contains exactly εn points of P , and

• the intersection of any two sets in H induced by two halfspaces has fewer than εn/4
points of P , i.e., |Hi ∩Hj| < εn/8 for all 1 ≤ i < j ≤ m.

Construct a 1/8-net, P ′i for each Hi, 1 ≤ i ≤ m. And set P ′ =
⋃
i

P ′i .

First note that P ′ is an ε-net. Take any halfspace H containing εn points of P . This
halfspace either induces a set in H or, by the maximality of H, shares at least εn/8 points
with some set Hi ∈ H. By construction of P ′i , any halfspace that contains at least 1

8
|Hi| =

εn/8 points of Hi will be hit by P ′i . The halfspace H shares at least εn/8 points with Hi,
and so is hit by P ′i .

To bound the size of P ′, note that each of the 1
8
-nets are of constant size by Lemma 4.2.

Next,H satisfies the conditions of Lemma 4.1 for k = εn, as |∆(Hi, Hj)| ≥ 2k−2k/8 = 7k/4,
and so m ≤ 16/3ε. Thus P ′ consists of O(1/ε) points.
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