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—— Abstract

The basic (and traditional) crossing number problem is to determine the minimum number of
crossings in a topological drawing of an input graph in the plane. In this paper, we develop a unified
framework that yields fixed-parameter tractable (FPT) algorithms for many generalized crossing
number problems in the plane and on surfaces.

Our main result takes the following form. We fix a surface 8, an integer r, and a map « from
the set of topological drawings of graphs in § to the nonnegative integers, essentially describing
which types of drawings we accept and how we want to count the crossings in them. Then deciding
whether a graph G has a drawing D on 8 with x(D) < r can be done in time quadratic in the size
of G. More generally, we may take as input an edge-colored graph, and distinguish crossings by
the colors of the involved edges; and we may allow to perform a bounded number of edge removals
and vertex splits to G before drawing it. The proof is a reduction to the embeddability of a graph
on a two-dimensional simplicial complex, which admits an FPT algorithm by a result of Colin de
Verdiére and Magnard [ESA 2021].

As a direct consequence, we obtain, in a unified way, FPT algorithms for many established
topological crossing number variants, including, e.g., fixed-rotation and color-constrained ones.
While some of these variants already had previously published FPT algorithms, for many of them
we obtain algorithms with a better runtime. Moreover, our framework applies to drawings in any
fixed surface and, for instance, solves the natural surface generalizations of k-planar, k-quasi-planar,
min-k-planar, and k-gap crossing numbers, as well as the joint and the edge crossing numbers, the
skewness, and the splitting number in surfaces, all of which except the splitting number have not
been handled in surfaces other than the plane yet.
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1 Introduction

The crossing number problem, minimizing the number of pairwise edge crossings in topological
drawings of an input graph,' is a long-standing and central task in graph drawing and
visualization that comes in many established flavors; see the extensive dynamic survey by
Schaefer [43]. In this paper, we give a naturally described unified framework that provides
efficient algorithms for many of the variants of crossing numbers when parameterized by the
solution value (i.e., the respective crossing number).

1 We defer the formal definitions to Section 2.
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Many variations on the crossing number problem. Recently, we have seen an “explosion’
of variants of the crossing number problem. One motivation for such variations is that,
in practical drawing applications, not every crossing or crossing pattern of edges may be
“equal” to other crossings. For instance, one may want to avoid mutual crossings of the
important edges. Or, to allow crossings only within specific parts of a graph, and not between
unrelated parts. Or, to exclude any crossings of edges of some type. Or, to allow only certain
“comprehensible” crossing patterns in order to help with visualizing the graph. This is the
primary focus of the recent research direction called “beyond planarity” [14].

Schaefer [43, Chapter 2] characterizes the variants (or flavors) of a crossing number by
the drawing style, the method of counting, and the mode of representation. While, in our
context, we always use the standard representation of vertices by points and of edges by arcs,
there is a variety of admissible drawing styles. For instance, one may restrict the shape of
arcs used to draw edges, or restrict the number of crossings on one edge or in a local pattern
of crossing edges, the number of edges sharing one crossing, or prescribe or forbid certain
local topological properties and patterns of the drawing (also depending on the types or
colors of edges). One may also consider drawings in surfaces instead of the traditional plane.
In this context, the crossing number of a drawing style (flavor) ¥ of a graph G is defined
as the minimum count of crossings over all drawings of G which are of the style . The
‘count of crossings’ most often means the number of crossing points of pairs of edges, but
other methods are conceivable, e.g., counting the pairs of edges which mutually cross an odd
number of times. See below for some concrete examples.

Existing algorithms. As far as algorithms are concerned, one usually considers the decision
version of the (traditional) crossing number problem: Given an input graph G with at
most n vertices and edges, and an integer r, does G have crossing number at most 7 This
problem is NP-hard, as already proved by Garey and Johnson in 1983 [18], and even in very
restrictive settings such as cubic graphs [25], bounded pathwidth graphs [24], and planar
graphs augmented with a single edge [8]. Moreover, the problem is APX-hard [7], and the
best known approximation algorithm, by Chuzhoy and Tan [10], gives an approximation
factor that is subpolynomial in the size of the input graph when the graph has bounded
degree.

On the other hand, a series of papers were devoted to algorithms that are fixed-parameter
tractable (FPT) in 7 (equivalently, in which the runtime has the form f(r) - poly(n), where
f is a computable function of the parameter r). Grohe [20] described such an algorithm
with a quadratic dependence in n; Kawarabayashi and Reed, in an extended abstract [30],
announced a linear-time dependence in n. Thus, in theory, we can efficiently compute the
exact crossing number of any graph if the crossing number is bounded. However, these two
algorithms rely on Courcelle’s theorem about the efficient solvability of properties formulated
in MSO logic on graphs of bounded treewidth, which results in hard-to-describe algorithms
with a dependence in the parameter r that is an exponential tower of height at least four in
the case of [20] and three in the case of [30] (this dependence is not stated explicitly in either
of the cited papers, but we refer to an analysis in [33]).

Two recent approaches avoid resorting to Courcelle’s theorem. First, Colin de Verdiere,
Magnard, and Mohar [13] have given a simple linear-time reduction from the crossing number
problem to the embeddability of the input graph in a topological space homeomorphic to a
certain two-dimensional simplicial complex (2-complex for short), whose complexity depends
only on r. On the other hand, Colin de Verdiére and Magnard [12] have shown that the
embeddability of a graph of size n in a 2-complex of size C' can be done in 2P°Y(©) . n2. Put
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together, these two results imply a 2P°Y(") . n2_time algorithm for the crossing number problem.
Even more recently, Lokshtanov et al. [33] have given a 20(rlogr) . p_time algorithm for the
crossing number problem, by reduction to bounded treewidth and dynamic programming, all
in time linear in n.

On the other hand, for other flavors of crossing numbers, which are also NP-hard, the
literature is scarce; besides Pelsmajer, Schaefer, and Stefankovi¢ [40] giving FPT algorithms
for the odd and pair crossing numbers (via an adaptation of Grohe’s algorithm), we are only
aware of two very recent papers bringing a general approach to multiple crossing number
flavors, which we now detail.

First, Miinch and Rutter [35] have extended Grohe’s approach [20] to provide a framework
for FPT algorithms for computing the exact crossing number of several types of beyond-planar
drawings of graphs in the plane, which can be characterized by forbidden combinatorial
crossing patterns. The cases include the exact crossing numbers of k-planar, k-quasi-planar,
min-k-planar, fan-crossing, and fan-crossing free drawings of a graph for any constant k.
(Precise definitions on the various flavors of crossing numbers will be given in Section 5.)
However, these algorithms also rely on Courcelle’s theorem, making the aforementioned
drawbacks, in particular the huge dependence in r, unavoidable. Miinch and Rutter [35] do
not explicitly specify the runtime, but applying Courcelle’s algorithm requires a preprocessing
step reducing the treewidth, which is only rarely doable in subquadratic time in this context.

Second, Hamm, Klute, and Parada [22], in a very recent preprint, have announced a
result widely generalizing the framework of Miinch and Rutter [35], allowing to handle also
forbidden topological crossing patterns in drawing types in the plane and, more importantly,
bringing the possibility to handle predrawn parts of the input graph (as was done before for
the traditional crossing number [21]). However, they again rely on Courcelle’s theorem, and
their dependence in the size n of the input graph is an unspecified polynomial.

Apart from that, we are only aware of sporadic results that apply to very specific problem
variants, which Schaefer’s survey [43] treats as borderline cases (of crossing numbers), but we
include them here for the sake of generality. Kawarabayashi and Reed [30] briefly mention
the possibility to solve the skewness of a graph in linear FPT time, and Néllenburg et al. [37]
give a non-uniform FPT solution to the splitting number in surfaces. (The latter is the only
algorithm in our list that applies to surfaces other than the plane).

Our contributions. We develop a general framework for FPT algorithms for many crossing
number variants. Our general result takes the following form. We fix a surface 8, an integer 7,
and a map k from the set of (possibly edge-colored) topological drawings of graphs to the
nonnegative integers, describing (essentially) which drawings are admissible and how we
want to count the crossings of an admissible drawing. (This map x has to satisfy a few
natural conditions, which hold in particular if k(D) is the number of crossings of D and the
chosen drawing style is “well-behaved”.) Then, deciding whether a graph G has a drawing D
on 8§ with k(D) < r can be done in quadratic time in the size n of G, and exponential in
a polynomial of the other parameters, namely: the number of connected components, the
genus, and the number of boundary components of §; the integer r; and the maximum size
of a “fully crossing” drawing D satisfying x(D) < r. This remains true if one is also allowed
to perform a bounded number of edge removals (possibly color-restricted) and vertex splits
to G before drawing it (these numbers being also parameters).

Applying this result, we obtain quite directly FPT algorithms with runtime quadratic in the
size n of the input graph, and exponential in a polynomial of the other parameters, for many
established crossing number variants, which we now list, without claiming exhaustiveness.
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First, this concerns the crossing number problem when restricted to many established drawing
styles, such as k-planar, k-quasi-planar, min-k-planar, fan-crossing, weakly and strongly fan-
planar, k-gap, and fixed-rotation drawings. This is new for the k-gap and fixed-rotation cases,
and for the other cases, for any fixed k, we improve the FPT runtime over the aforementioned
works [35] and [22]. Second, we may assign colors to the edges of the input graph and
count the crossings differently depending on the colors of the edges involved, capturing, e.g.,
the joint crossing number on surfaces and its generalizations. Third, we may (assuming
suitable additional properties) handle problems that do not count the crossings, but rather
the number of edges, or pairs of edges, involved in crossings, such as the edge, pair, and odd
crossing numbers. And fourth, before drawing our graph, we may allow a bounded number
of modifications of our graph, namely edge removals and vertex splits; this includes, e.g., the
skewness and the splitting numbers.

Moreover, all these four aspects of crossing numbers can be combined arbitrarily, and
our main results are valid not only in the plane but for arbitrary surfaces. This shows the
versatility of our unified approach.

The proof of our main theorem is a reduction to the problem of deciding embeddability
of a graph on a two-dimensional simplicial complex already mentioned [12]. Again, for some
crossing number flavors, FPT algorithms in the planar case were known, and almost all of
them relied on Courcelle’s algorithm, leading to a huge multi-level exponential dependence in
the parameters, and/or had an unspecified polynomial dependence in the size n of the input
graph. In contrast, our results, while applying also to surfaces, do not depend on Courcelle’s
algorithm and are only singly-exponential in a polynomial of the parameters.

Finally, we remark that, with this approach, the extension from the planar case to the
surface case essentially comes for free (assuming the considered crossing number flavor behaves
well in the surface). While this extension is natural and worth studying, two benefits are to
be emphasized. First, the framework also applies to non-orientable surfaces, homeomorphic
to a sphere with a number of “crosscaps”. Placing k crosscaps in the plane amounts to
choosing k specific points in the plane that can be traversed by an arbitrary number of
pairwise crossing edges of the planar drawing “for free”, without accounting for the induced
crossings at these points. Second, we allow surfaces with boundary, which is needed for some
subtle variations of the fan-planar crossing number.

Organization of the paper. After the preliminaries (Section 2), we describe in detail our
general framework and state our main result (Section 3), which is then proved (Section 4).
We then list the numerous applications to crossing number variants (Section 5).

2 Preliminaries

Graphs and surfaces. In this paper, graphs are finite and undirected, but not necessarily
simple unless specifically noted. The size of a graph G is the number of vertices plus the
number of edges of G. A wvertex split of a graph G at vertex v creates a new vertex v’ and
replaces some of the edges incident to v by making them incident to v’ instead of v.

We assume some basic knowledge of topology, in particular surface topology; see, e.g.,
Armstrong [2] or Mohar and Thomassen [34], but we recall the most important notions. A
surface 8 is a topological space obtained from finitely many disjoint solid, two-dimensional
triangles by identifying some of their edges in pairs. Surfaces are not necessarily connected.
By the classification theorem, up to homeomorphism, each connected surface § is specified
by whether it is orientable or not, by its (Euler) genus (for orientable surfaces, it is twice the
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number of “handles”, and for non-orientable ones, it is the number of “crosscaps”), and by its
number of boundary components. In this paper, by ‘genus’ we always mean the Euler genus;
moreover, the genus of a disconnected surface is the sum of the genuses of its connected
components. The plane is not a surface according to our definition, but in this paper it can
always be substituted with a disk, which is a surface. A self-homeomorphism of § is just a
homeomorphism from 8 to S.

(Topological) drawings of graphs. In this paper, any drawing of any graph in any topological
space maps distinct vertices to distinct points, and has finitely many intersection points,
each avoiding the images of the vertices; however, an intersection point may involve two or
more pieces of edges. In more formal terms, and introducing more terminology, the previous
sentence means the following. A curve ¢ in a topological space X is a continuous map from
the closed interval [0,1] into X'. The relative interior of c is the image, under ¢, of the open
interval (0,1). In a drawing D of a graph G in a topological space X, vertices are represented
by points of X and edges by curves in X such that the endpoints ¢(0) and ¢(1) of a curve ¢
are the images of the endpoints of the corresponding edge. Moreover, we assume that distinct
vertices are mapped to distinct points and that the relative interiors of the edges avoid the
images of the vertices. Given a point € X, its multiplicity in D is the number of pairs (c, t)
such that ¢(t) = z, where ¢ is a curve representing an edge of G in D, and ¢ € (0,1). An
intersection point (shortly an intersection) of D is a point with multiplicity at least two. We
only consider drawings D with finitely many intersection points.

For drawings on graphs on surfaces, we put additional constraints: We only consider
drawings of graphs that contain no isolated vertex, and whose image avoids the boundary of
the surface. To remind the reader of all these assumptions, we sometimes say that drawings
on surfaces are decent. A point of multiplicity two corresponds to a crossing, if no local
perturbation of the curves can remove this intersection, or to a tangency, otherwise. Each
edge e of a drawing D is subdivided into pieces by the intersection points along e.

Most of these restrictions are benign in a graph drawing context; for example, drawings
can be perturbed to avoid the boundary of the surface, and isolated vertices are irrelevant.
Decent drawings are more general than good drawings [16], namely, decent drawings in which
every intersection point has multiplicity two and is a crossing (not a tangency), as commonly
assumed in the graph drawing world. Moreover, a good drawing D of a graph G is called
simple if G is simple, no edge self-crosses, no two adjacent edges cross, and no two edges
cross more than once.

The (traditional) crossing number of a graph G in a surface 8 is the least number of
crossings over all good drawings of G in 8. Inspired by the discussion in Schaefer [43,
Chapter 2], in this paper we take a very general view of crossing numbers, which we describe
in Section 3, and we also refer to Section 5 for the definitions of many other flavors of crossing
numbers that fall in our framework.

2-complexes. In this paper, a 2-complez (or two-dimensional simplicial complex) is a
topological space obtained from a simple graph (without loops or multiple edges) by attaching
a solid, two-dimensional triangle to some of its cycles of length three; see Figure 1.2 The class
of (topological spaces represented by) 2-complexes is rather general; it contains all graphs, all
surfaces, all k-books (although in this paper, we only need 2-complexes in which every edge

2 Our definition of 2-complex slightly departs from the standard one; it is the same as a geometric
simplicial complex of dimension at most two, realized in some ambient space of dimension large enough.
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Figure 1 (a): An example of a two-dimensional simplicial complex, or 2-complex for short. (b):
An embedding of some graph with four vertices and three edges on the same 2-complex.

is incident to at most two triangles), and any space obtained from a surface by identifying
finitely many finite subsets of points and by adding finitely many edges between any two
points. We emphasize that we mostly regard a 2-complex as a data structure for representing
its underlying topological space; nontrivial 2-complexes admit many other homeomorphic
2-complexes, since a subdivided graph is homeomorphic to its original, and a surface has
several non-isomorphic triangulations; the choice of the 2-complex plays a role only in the
complexity analysis of our algorithms.

Since a 2-complex is a topological space, we have already defined the notion of drawing of
a graph G into a 2-complex C. In particular, vertices of G may lie anywhere on €, and edges
of G as curves may traverse several edges and triangles of C. (Recall that decent drawings
were defined for surfaces only.) An embedding of G into € is a drawing without intersection
point. A key property is that if € and €’ are homeomorphic 2-complexes, then G embeds
in € if and only if it embeds in €’. (Actually, this property is valid not only for 2-complexes,
but for any topological space.)

We can easily represent 2-complexes algorithmically, for example, by storing the vertices,
edges, and triangles, and the incidences between them.

Embeddability of graphs on 2-complexes.  The embeddability problem takes as input a
graph G and a 2-complex €, and the task is to decide whether G has an embedding in C.
Our algorithms will be reductions to the embeddability problem, which is fixed-parameter
tractable in the size of the input 2-complex:

» Theorem 2.1 (Colin de Verdiere and Magnard [12, arXiv version, Theorem 1.1]3). One can
solve the embeddability problem (of graphs in 2-complezes) in 20 (C) . 2 time, where C' is
the number of simplices of the input 2-complex and n is the number of the vertices and edges
of the input graph.

(For graphs of bounded branchwidth, the computation can be done in time linear in n [12,
Theorem 1.2].) In case of positive instances, a representation of the corresponding embedding
can be computed; we defer this discussion to Section 6.

Storing drawings on surfaces. We need to represent drawings of graphs on a surface 8
combinatorially. Actually, we only care about drawings up to self-homeomorphisms of 8. In
this paper, we represent drawings on surfaces as subsets of the vertex-edge graph of some

3 The conference proceedings version of [12] gives a slightly worse bound on the running time, cubic in n.
The theorems that we state take into account the improvement in the latest arXiv version.
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triangulation of 8. (An alternative possibility would be through eztended combinatorial
maps [11, Section 2.2], but this appears to be too complicated for our purposes.)

Specifically, a triangulation is a graph T embedded on 8 such that each face of T' (each
connected component of the complement of the image of T') is homeomorphic to a disk
bounded by three edges, and all three incident vertices and edges are pairwise distinct. In
particular, a triangulation is a 2-complex. Let T” be the graph made of the vertices and
edges of T that lie in the interior of 8. Let W = (wq,...,ws) be a set of k walks in 7", such
that each edge of T" is used at most once by the union of these walks. This set W naturally
gives rise to a decent drawing D of a graph G on 8: The graph G has k edges, each drawn
as wi, ..., w, on 8; the vertices of G are the at most 2k endpoints of the walks in W. We
say that the pair (T, W) is a representation of D.

A representation of a colored drawing is a representation (7', W) of the corresponding
uncolored drawing, together with the data of a color for each walk in W. Its size is the size
of a data structure to represent it, which is O(tc), where ¢ is the number of triangles and ¢ is
the number of colors.

Conversely (as proved in Lemma 4.3), every (decent) drawing D on 8 can be represented
by such a pair (T, W) in which T is made of O(a + g + b+ u) triangles, where a, g and b are
the number of connected components, the genus, and the number of boundary components
of 8§, and the intersection points of D subdivide the edges of D into u pieces in total.

3 The framework: description and results

In the following, we fix a surface 8 with a connected components, genus g, and b boundary
components. We consider colored graphs, in which each edge is labeled with a positive integer.
A colored drawing in 8 is a (decent) drawing of a colored graph G in 8 in which each edge of
the drawing inherits the color of the corresponding edge of G. Let D be either the set of
(decent) colored drawings of graphs on 8, or the set of (decent) colored drawings of simple
graphs on 8, depending on the context.

Our general result uses the following definition, in which x should be thought as a
generalization of the (traditional) crossing number:

» Definition 3.1 (Crossing-counting pair). Let k: D — Z4 U {oco} be a map from D to the
set of non-negative integers (or infinity), and X : Zy — Z, be a non-decreasing function. We
say that (K, \) is a crossing-counting pair if:

1. for any two drawings D and D', we have k(D') < k(D) whenever D’ is obtained from D
by one of the following operations:

(a) the removal of a vertex or an edge;

(b) the addition of a vertex whose image is disjoint from the image of D (and from the
boundary of 8);

(c) the addition of an edge, of an arbitrary color, connecting two vertices in D, and
otherwise disjoint from the image of D (and from the boundary of 8);

(d) a self-homeomorphism of S;

2. for any drawing D* € D such that each edge carries at least one intersection in D*
(either a self-intersection or an intersection with another edge — common endpoints do
not count) and k(D*) < oo, the number of pieces of D* is at most A(k(D*));

3. one can compute A(i) in 2°) time.

Note that Definition 3.1 implies that « is unaffected by any of the operations (b), (¢), and (d),

since such operations can be reversed by an operation of type (a) or (d).
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As a special but important case, if k(D) denotes the number of crossings in D, or is oo if
D is not a good drawing (i.e., has an intersection of multiplicity at least three or a tangency
intersection), then x satisfies the conditions of Definition 3.1 with A(7) = 44, and (D) is the
number of crossings in D. This motivates the term ‘crossing-counting pair’.

We now introduce the following problem:

(k, A)-CROSSING NUMBER (FOR THE CLASS D OF DRAWINGS, IN SURFACE §)

Input: A colored graph G with colors in {1,...,c}, with at most n vertices and edges,
and a non-negative integer 7.

Question:  Is there a colored drawing D of G in 8 such that x(D) < r?

Assuming k is computable, we prove that the (k, \)-CROSSING NUMBER problem is
fixed-parameter tractable in the topology of the surface, the number ¢ of colors, and the
value of r:

» Theorem 3.2. Let S be a surface with a components, genus g, and b boundary components,
D the set of colored drawings of graphs in 8 (possibly restricted to simple graphs), and (k,\)
a crossing-counting pair.

Let § be a non-decreasing function such that, given a representation of size s of a (decent,
colored) drawing D, one can in time 6(s) compute k(D).

Then the (k, A)-CROSSING NUMBER problem, on the input instance (G,r), can be solved
in time 2POV(atgtb+etAM) L §(O(a 4 g + b+ \(r))) - n?, where n is the size of G.

Let us stress that in all our applications, the factor 6(-) will be at most exponential, and
will play no role in the runtime of the algorithm.

More generally, motivated by the splitting number and the skewness parameters (cf. Section 5.4),
we consider the following problem, in which we additionally allow a prescribed number of
vertex splits and edge removals (for each color) before drawing:

MODULATED (k, A)-CROSSING NUMBER (FOR THE CLASS D OF DRAWINGS, IN §)

Input: A colored graph G with colors in {1,...,c}, with at most n vertices and edges, a
non-negative integer r, and non-negative integers p and qi, g2, - . -, gc-

Question:  Is there a colored drawing D’ in §, with x(D’) < r, of a colored graph G’, such
that G’ is obtained from G by performing at most p successive vertex splits and
by removing, for ¢ = 1,...,c, at most ¢; edges of color ¢?

The following generalization of Theorem 3.2 states that, assuming  is computable, the
MODULATED (k, \)-CROSSING NUMBER problem is fixed-parameter tractable in the topology
of the surface, the number c of colors, the number p+ ). ¢; of allowed vertex splits and edge
removals, and the value of r:

» Theorem 3.3. Let S be a surface with a components, genus g, and b boundary components,
D the set of colored drawings of graphs in 8 (possibly restricted to simple graphs), and (k,\)
a crossing-counting pair.

Let § be a non-decreasing function such that, given a representation of size s of a (decent,
colored) drawing D, one can in time 6(s) compute k(D).

Then the MODULATED (k, \)-CROSSING NUMBER problem, on the input instance (G,r,
D1, - qe), can be solved in time 2POV(atgtbtetptatA(n)  5(O(a 4 g+ b+ A(r))) - n?, where
n is the size of G and q =), ¢;.

The above theorems reduce to the embeddability problem and apply Theorem 2.1. Our
algorithms are quadratic in n, but this is solely due to the fact that the algorithm for
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Theorem 2.1 is quadratic in n; our reductions are linear in n (and exponential in a polynomial
in the other parameters).

Moreover, for positive instances, we can compute an actual representation of the
corresponding drawing:

» Theorem 3.4. For every positive instance of the MODULATED (k, A\)-CROSSING NUMBER
problem, we can compute a representation of the corresponding drawing, of size the size n of
the input graph times a polynomial in a + b+ g+ ¢+ p+ g+ A(r), without overhead in the
runtime compared to Theorem 3.3.

4 Proof of Theorem 3.3

Since Theorem 3.2 is a special case of Theorem 3.3, we only provide a proof for the latter.
We fix a surface § with a connected components, genus g, and b boundary components, and a
crossing-counting pair (k, A) for drawings on 8. We denote by D the set of (decent) drawings
of graphs on 8, possibly restricted to simple graphs.

4.1 Preliminary definitions

We need some specific terms to refer to parts of a 2-complex C. An isolated edge of € is an
edge incident to no triangle. The surface part of C is the union of all its triangles, together
with the vertices and edges incident to at least one of them. A singular point of C is a point
that has no open neighborhood homeomorphic to an open disk, a closed half-disk, or an
open segment.

Let D be a drawing of a graph G on 8. We need to define what we mean by cutting 8
along D (see Figure 3(a—b)). Intuitively, we cut 8 along the relative interior of edges of D,
resulting in a topological space that is actually homeomorphic to a 2-complex. More formally,
recall that D is represented by a pair (T, W) where T is a triangulation of § and W is a set
of walks in the triangulation and in the interior of the surface, such that each edge of T is
used at most once. Cutting 8 along D is best described by starting from the collection of all
unidentified triangles of 7" and doing the following:

whenever two directed edges e and €’ of triangles are identified to a single edge in T', and

that edge is not used by any walk in W, we identify e and ¢’. Note that this process

automatically identifies the source endpoints of e and €', and similarly for their target
endpoints;

whenever two vertices of the resulting triangulation correspond to the same vertex of T',

and that vertex is an endpoint of at least one walk in W we identify these two vertices.
Since we only perform a subset of the identifications of vertices and edges in T, the resulting
space is naturally a 2-complex.

4.2 Description of the reduction

In this section, we describe the reduction for the proof of Theorem 3.3. We actually keep
a high-level view, leaving some algorithmic considerations aside. In particular, we view
2-complexes as topological spaces, without worrying about their decomposition into simplices.
We shall prove the validity of the reduction in Section 4.3, and provide the actual algorithmic
details in Section 4.4.

Consider an instance (G,r,p,q1,---,q.) of the MODULATED (k, A\)-CROSSING NUMBER
problem. Of course, if D is restricted to drawings of simple graphs, then we assume that G
is simple. In this section, we define an uncolored graph Gs = G2(G,r,p,q1,--.,q.) and a set
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of 2-complexes ' = T'(r,p, q1, . . ., gc) such that our MODULATED (x, A\)-CROSSING NUMBER
instance is positive if and only if G2 embeds in at least one of the 2-complexes in T.

We first present informally the main ideas for the reduction; see Figures 2 and 3. Assume
that a graph G’, obtained from G by edge removals and vertex splits, has a drawing D’ in 8.
Let D* be the subdrawing of the subgraph of G’ made of the edges that are involved in an
intersection in D’; the definition of a counting-crossing pair implies that we can guess D*.
We cut 8 along D* and add isolated edges connecting the endpoints of the edges in D*,|
obtaining a 2-complex G5 in which G’ embeds. If G’ is allowed to result from G by edge
additions and vertex splits, we modify the 2-complex appropriately, by guessing which points
of the 2-complex must be identified and where the endpoints of the isolated edges must be
inserted. We obtain a complex €4 in which G embeds. There remains to encode the colors of
the edges, in order to make sure that the reduction is valid. For this purpose, we turn each
edge of G and each isolated edge of €4 into a necklace encoding the allowed colors, such that
a necklace of a certain type in the 2-complex can only be used by a necklace of the same
type in G. This results in an (uncolored) graph G2 embedded in a complex Cs.

As just mentioned, one step of our reduction is to combinatorially encode the colors of
edges of GG in a larger uncolored graph. For this purpose, we define a necklace of length three,
thickness h, and beads of size k to be the graph obtained from a path of length three by (1)
replacing each edge with h parallel edges, and then (2) attaching & loops to each of the two
vertices that were not the endpoints of the path. The intuition is that a necklace of length
three does not embed in a necklace of smaller thickness or with smaller beads, so replacing
the edges of the graph of color ¢ with necklaces of length three, color 7 + 1, and beads of
size ¢ — i + 1, and creating necklaces of the same type in the 2-complex, will prevent graph
necklaces to use 2-complex necklaces of different types. (We actually use slightly adjusted
values for the thickness and the size of the beads.)

In more detail, we first describe the uncolored graph Go = G2(G, 1, p,q1, ..., q.), which
will be the common input to all embeddability instances. See Figure 2.

Let G1 be the colored graph obtained from G by attaching a 4-clique to each vertex v

of GG, that is, by adding three new vertices making a 4-clique with v. The edges of each

attached 4-clique get color ¢ 4+ 1. (This is a new color, and we assume g.4+1 = 0.)

Let G2 be the uncolored graph obtained from G by replacing each edge of color ¢ with

a necklace of length three, thickness p + 2g + 2\(r) + i, where ¢ = Zj g;, and beads of

size ¢ — 1 + 2.

Let us now describe our set I' of 2-complexes in which we try to embed G5. See Figure 3.
These 2-complexes depend on several successive choices. First, let D* € D be a colored
drawing on 8 such that (D) < r and such that each edge carries at least one intersection
in the drawing.

Let C; be obtained from 8 by cutting 8 along the relative interior of each edge of D*.

Let Gy be obtained from €; by doing the following: For each edge of D* of color i,

connecting points x and y of €;, we add an isolated edge connecting = and y to the

2-complex, which is said to have color i. (This may require subdividing €; to turn x

and y into vertices.)

Let U be the set of points of Cy that correspond to a single point of the interior of 8. In
detail, U is made of (1) the points of Cy that correspond to an endpoint of an edge in D*,
and (2) the interior of the surface part of Ca.

Foreach i =1,...,¢, let (z},y}),..., (¥, y¥) be pairs of points on U. (These points are
not necessarily distinct. There are finitely many choices up to a self-homeomorphism of 8.)
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Figure 2 The construction of the graph Ga2. (a): The graph Gj; the red edges have color 1 and
the blue edge has color 2. (b): The graph Gi1. The new edges, in black, have color 3. (c¢): The
graph G2 in the case ¢ = 2, A(r) = p = ¢ = 1. Each edge of color i is replaced with a necklace of
length three, thickness p 4+ 2g + 2A(r) + ¢ = 5+ i, and beads of size ¢ — i+ 2 = 4 — 4. On the right, a
close-up on the replacement for a black edge in G1, which is a necklace of length three, thickness
eight, and beads of size one.

Let C3 be obtained from C; by doing the following: For each i = 1,...,c and each
j=1,...,q, we add to the 2-complex an isolated edge connecting :CZ and ylj , which is
said to have color 1.
For each unordered partition p = p; + ... + pg of the integer p, where p1,...,px are positive
integers, and for each i = 1,...,k, let z},..., zf-”“ be p; + 1 points on U (which is also a
part of C3), such that all these p 4+ k points are pairwise distinct. (Note that the points zf
are not necessarily distinct from the points zz/l and yf,/.)
Let C4 be obtained from €3 by doing the following: For each i = 1,..., k, we identify the
points zil, ey zfiﬂ to a single point z;.
Let C5 be obtained from €4 by replacing each isolated edge e of C; of color ¢ with a
necklace of length three, thickness p + 2q 4+ 2\(r) + 4, and beads of size ¢ — i + 2.
To conclude, €5 depends on the choice of the drawing D* € D, of the points mg, yi , of

the partition of p, and of the points z/. We let T' = T'(r,p,q1,...,q.) to be the set of

i

2-complexes C5 that can be obtained in this way, over all these choices.

4.3 Correctness of the reduction

The correctness of the reduction is established in the two following lemmas.

» Lemma 4.1. Assume that there is a drawing D' in D, with k(D') < r, of a colored
graph G’ obtained from G by performing at most p successive vertex splits and by removing,

11
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64 e5
(e) (f)

Figure 3 The construction of a 2-complex Cs. (a): The surface 8§ and the drawing D*. (b): The
2-complex C; is obtained by cutting 8 along D*. Note that each vertex of G (in particular, the
one in the bottom of the image) on 8 corresponds to a single point in €1, while, in this particular
example, each intersection point in D of multiplicity ¢ corresponds to 4¢ points in Ci. (c) The
2-complex €5 is obtained by adding isolated edges corresponding to the edges of D*; we define the
color of each isolated edge to be that of the corresponding edge in D*. (d) The 2-complex Cs is
obtained by adding ¢; isolated edges of color ¢ for each color i. Here color 1 is represented in red,
color 2 is represented in blue, and g1 = 1, g2 = 0. (e) The 2-complex €4 is obtained by identifying
two points of €3 (here p = 1). (f) The 2-complex €5 is obtained by replacing each isolated edge of
color 7 with a necklace of length three, thickness p 4+ 2¢q + 2\(r) + ¢, and beads of size ¢ — i + 2. The
necklaces are represented in a figurative way.

fori=1,... ¢, at most q; edges of color i. Then Go(G,r,p,q1,-..,q.) embeds in some
2-complex in T(r,p,q1,---,qc)-

Proof. Let D* be the colored subdrawing of D’ made of the edges that carry at least one
intersection in D’, together with their endpoints. Since (k, ) is a crossing-counting pair,
we have k(D*) < r. Let €; and Cy be defined as above, for that specific choice of D*.
By construction, G’ embeds into €5 in such a way that each isolated edge of Gy of color i
coincides with an edge of G’ of color i.

It follows that, for an appropriate choice of the partition of p and of the vertices xz , yi , zf ,
the graph G embeds into €4 (again, we reuse the notations introduced in the description of
the reduction), in such a way that each isolated edge of C4 of color ¢ coincides with an edge
of G of color ¢ or is not used by the embedding.

Note that, by the construction, in that embedding the vertices of G are mapped to the
surface part of C4, and thus we can attach a 4-clique to each vertex of G while preserving the
fact that we have an embedding. Thus, the graph G; embeds into C4 too, in such a way that
each isolated edge of C4 of color i coincides with an edge of G of color ¢ or is not used at all.
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Finally, replacing each isolated edge of G4 of color i, and similarly each edge of G; of
color 4, with a copy of a necklace of length three, thickness p+2q+2A(r)+ i, where ¢ = Zj q5,
and beads of size ¢ — i + 2, implies that G2 embeds into C5. Indeed, each edge of G; that
coincided with an isolated edge of C4 is replaced with a necklace that can be embedded in
the corresponding necklace of Cs; and each edge of G; that belonged to the surface part
of €4 is replaced with a necklace that can be drawn without crossings in a neighborhood of
the edge of G;. This concludes the proof. <

Conversely:

» Lemma 4.2. Assume that the graph G(G,r,p,q1,...,q.) embeds in some 2-complex
in T(r,p,q1,...,q.). Then, there exists a drawing D' in D, with k(D) < r, of a colored
graph G’ obtained from G by performing at most p successive vertex splits and by removing,
fori=1,...,¢c, at most q; edges of color i.

Proof. Let Gy := G2(G,7,p,q1,---,qc), and let C; be some 2-complex in T'(r,p,q1,- .., qc)
in which G5 can be embedded. The 2-complex €5 is defined by the choice of a drawing D*
(such that r(D*) < r, and each edge is involved in at least one intersection), of pairs (7, y7),
of a partition of p, and of the points zf . We also freely use the notations G1,Cq, ..., C5 used
in the description of the reduction.
First, in a series of claims, we prove that we can assume that each necklace of Cj5 is either
not used at all by Go, or used by a necklace of G5 of the same type.
Let v be a vertex of G. We claim that, in the embedding of G5 in C5, v cannot be mapped
to the interior of a necklace N of C5. Indeed, otherwise, since v has degree at least three
in G, it is mapped to some interior vertex of N (i.e., not to an interior point of an edge
of N). Moreover, v, as a vertex in Ga, has at least three distinct neighbors, each of degree
at least three, and thus mapped either to a vertex of N, or to the complement of N. But,
starting from the location of v in N, there does not exist three disjoint paths going to
different vertices of N or to the complement of N. This contradiction proves the claim.
Assume now that some vertex v of G5 is mapped to the interior of a necklace N of Cs, of
length three, thickness p 4+ 2¢ + 2A(r) + ¢ (where, again, ¢ = Zj g;), and beads of size

c—1i+2, for some j. We claim that N actually contains a necklace of G of the same type.

Indeed, by the previous paragraph, v is not a vertex of GG, and is thus an interior vertex
of a necklace of G3. Moreover, v has degree at least three, so it is mapped to an interior
vertex x of N. This vertex z of N is connected to each of its two distinct neighbors by
p + 2¢ + 2A(r) + ¢ parallel edges, and is incident to ¢ — i + 2 loops. Moreover, v is part
of a necklace of length three, thickness p + 2¢ + 2A(r) + j, and beads of size ¢ — j + 2,

for some j. Considerations similar to those of the previous paragraph imply that ¢ = j.

Arguing similarly with the neighbors of v that are not vertices of G yields the result.
We claim that without loss of generality, if the endpoints of an edge e of G5 avoid the
interior of all necklaces of Cs, then e avoids all necklaces of C5. To prove this, there are
two cases:

Assume that e is a loop (part of a “bead”). Let v be the vertex of Gz incident to e.

Since v has degree at least three, v is mapped to the surface part of C5. So e can
be redrawn to a small neighborhood of v, while preserving the fact that we have an
embedding of G5 into Cs.

Assume that e is not a loop. First we remark that Cs has at most p + 2q + 2A(r)
singular points, excluding the singular points in the interior of a necklace. Then, we
note that e is part of a batch of at least p + 2q + 2A(r) + 1 parallel edges, at least one
of which, say ¢, has its relative interior that avoids all of the at most p 4+ 2¢q + 2A(r)
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singular points described above. We can thus reroute e parallel to ¢/, avoiding all
necklaces, while preserving the fact that we have an embedding of G5 into Cs.

As a summary of the above considerations, we now have an embedding of G5 into C5 in
such a way that each necklace of C5 is either not used, or used by a necklace of G5 of the
same type. This implies that G; embeds in €4 in such a way that each isolated edge of €4 of
color i coincides with an edge of G of color i, or is not used at all. The same holds for G,
since G is a subgraph of G;.

Recall that €4 is obtained by identifying points of C3 into k points z1, ..., 2. Let S be
the set of indices i such that z; contains a point in the relative interior of an edge of G. We
do the following:

While, for some ¢ € S, z; contains a point of the relative interior of an edge e = uv of G,

we do the following. First, we perform a vertex split of one of its vertices, say v, by

replacing uv with uv’, where v’ is a new vertex. Second, we shrink edge uv’ without
moving u, so that in the new embedding of G, edge uv’ does not contain any singular
point of C4 in its relative interior. The number of vertex splits performed so far is at

most the size of S, and after this step, the image of G avoids the points z;, i € S.

Now, for each i = 1, ..., k, we split z; into p; +1 points in order to obtain the 2-complex C3.

In passing, if vertex z; is used by a vertex v of G, we perform at most p; splits of G at v

in order to preserve the property that we have an embedding of some graph.

We now have an embedding, into Cs, of a graph G obtained from G by at most [S|4+3, ¢ pi <
p vertex splits. Moreover, as above, each isolated edge of C3 of color ¢ coincides with an edge
of G” of color i, or is not used at all.

If we remove the edges embedded in €3\ €2, we obtain an embedding, in Gy, of a graph G’
obtained from G by at most p vertex splits and by removing, for each i, at most ¢; edges of
color i. Moreover, again, each isolated edge of Cs of color ¢ coincides with an edge of G’ of
color 7, or is not used at all.

Finally, we obtain a drawing D’ of G’ into 8 that results from D* by removing vertices
and edges, and by adding vertices and noncrossing edges. Thus, x(D’) < x(D*) < r. <

4.4 End of proof

The two preceding lemmas show that a MODULATED (k, A)-CROSSING NUMBER instance
(G,7r,p,q1,...,q.) on surface 8 is positive if and only if Go(G,7,p,q1,...,q.) embeds in at
least one of the 2-complexes in I'(r, p, q1, . . ., ¢.). To conclude the proof, we show that the
reduction described above turns into an actual algorithm, and analyze its complexity. We
first state and prove the result announced in Section 2 on the size of a representation of a
drawing:

» Lemma 4.3. Let D be a (decent) drawing of a graph on a surface 8. Then D is represented
by some pair (T, W) in which T has at most 16(6a + 2g + 3b+ 6u) triangles, where a, g and b
are the number of connected components, the genus, and the number of boundary components
of 8, and the intersection points of D subdivide the edges of D into u pieces in total.

Proof. We view D as a graph G embedded in the interior of §. The vertices of G are the
endpoints of the edges of D and the intersection points of D; the edges of G are the pieces of
the edges of D. A weak triangulation is a graph T embedded on 8 such that each face of T
(each connected component of the complement of the image of T') is homeomorphic to a disk
bounded by three edges, but this time some incident vertices and/or edges may coincide; in
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other words, a weak triangulation is not necessarily a 2-complex. We gradually augment G

to a weak triangulation of 8. In a first case, we assume that 8 is connected and intersects D.

We first cover each of the b boundary components of 8§ with a loop. Now, consider a
face f of this new graph (still denoted G). It has at least one boundary component, and
each boundary component contains at least one vertex. Recall that G has no isolated vertex;
let ¢/ > 1 be the number of edges on the boundary of f. We distinguish several cases:

If f is homeomorphic to a disk and ¢/ = 1, then we insert a new vertex in the interior of

the disk, and connect it to the unique vertex on the boundary of f, turning f into ¢ =1

triangle;

if f is homeomorphic to a disk and ¢ = 2, then we insert a new vertex in the interior of

the disk, and connect it to each of the two vertices on the boundary of f, turning f into

¢ = 2 triangles;

otherwise, let ¢ > 0 and ' > 1 be the genus and number of boundary components

of f. We now summarize a standard argument to triangulate f without adding vertices:

One can add ¢’ loops to decrease the genus of f to zero, and there are still ¥’ boundary

components, now with ¢/ + 2¢g’ edges in total. Adding b’ — 1 edges, we connect all the

boundary components of f into a single one; f is now a disk with ¢’ 4+ 2¢’ + 20’ — 2 sides,
which is at least three (otherwise f would be of one of the first two types). In turn, this
disk can be (weakly) triangulated into £’ + 2g" + 2b’ — 4 triangles.
We now have a weak triangulation of f with at most ¢/ + 2¢’ + 2b" triangles. Initially, G
has at most 2u faces, and moreover, Zf g <y, Zf b < b+ 2u, and Zf ¢ < 2u+b. So, to
conclude the first case where § is connected and intersects D, we obtain that G is weakly
triangulated using at most 2u + b + 2¢ + 2b + 4u = 6u + 2g + 3b triangles.

In the second case, if 8 is still connected but does not intersect D, we just insert a single
vertex and a loop in G and apply the above process, weakly triangulating 8§ with at most
6 + 29 + 3b triangles.

So, if 8§ is connected, we can weakly triangulate it using at most 6 + 2g + 3b + 6u
triangles. To turn this weak triangulation into a triangulation, it suffices to apply barycentric
subdivisions twice; the number of triangles is multiplied by 16.

Finally, we obtain the result by summing up over all connected components. |

Recall that we consider drawings up to homeomorphism of §. The next lemma explains
how to enumerate (representations of) the drawings D*.

» Lemma 4.4. Let S be the set of colored drawings D> on 8 such that k(D*) < r and each
edge of D* carries at least one intersection in D*. In (a + g + b+ ¢ + \(r))Catatb+A() .
5(16(6a+2g+3b+6X(r))) time, we can enumerate a set of (a+ g+ b+ c+ A(r))C@tgHb+A()
representations of drawings in S, such that each drawing in S is represented at least once,
and each representation has size O((a + g + b+ \(r))c).

Proof. Since (k, \) is a crossing-counting pair, any drawing D* such that x(D*) < r has
at most A(r) pieces; so D* can be represented by a pair (T, W) such that T has at most
16(6a + 2g + 3b + 6\(r)) triangles by Lemma 4.3.

We first compute A(r) in 2°A(), Then, starting with at most 16(6a + 2g + 3b + 6A(r))
triangles, we identify some of their sides in pairs, obtaining a triangulation T’; there are
(a4 g4 b4 A\(r))Clatatb+An) possibilities. For each such choice, we compute the genus,
orientability, and number of boundary components of each connected component of the
resulting surface using standard methods (in particular the Euler characteristic), and discard
the surface if it is not homeomorphic to 8, all in time polynomial in a + g + b+ A(r).
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Then, and we choose an arbitrary set of edge-disjoint walks W on each of the remaining
triangulations; there are (a 4 g + b + A(r))C(@t9+0+A() pogsibilities. We also assign a color
to each of these walks, adding a factor of O(c*"™) in the number of choices. We discard the
choices in which some walk has no intersection with any other walk.

Finally, for each of the (a + g + b+ ¢ + \(r))C@T9H0+A() resulting representations of
colored drawings D*, we compute x(D*) in 6(16(6a 4+ 2g + 3b + 6A(r))) time, and discard
those with k(D*) > r. <

Proof of Theorem 3.3. The algorithm is to test the embeddability of Go = Go(G,r,p, q1,- - -, qc)
into each 2-complex in I' =T'(r,p, ¢1,. .., q.), and to return “yes” if and only if at least one
embeddability test succeeded. The correctness of the reduction follows from Lemmas 4.1
and 4.2. There remains to provide some details on the algorithm and the runtime.

G has size O((c +p+ q + A(r))n) and can be computed in O((c+ p+ g + A(r))n) time.

Using Lemma 4.4, we can compute a set of (a-+g+b-+\(r))C(@+9+b+e+A) representations
of the drawings D* appearing in the definition of the set of 2-complexes I" in O(a + g+ b+
¢+ A(r))PlatatbtAr) . §(16(6a + 2g + 3b + 6A(r))) time, and each representation has size
O((a+ g+ b+ A(r))c). Given such a representation, we can compute C; and then Cy in
polynomial time, each of size O(a 4+ g + b+ A(r)) (ignoring the colors on the isolated edges).

The number of partitions of the integer p is 2°(). We select the points x{, yf, and zf
on U. There are at most A(r) points in U that correspond to an endpoint of an edge in D*;
moreover D* has at most a + A(r) faces in 8, and any two points in the same face are
equivalent (up to a self-homeomorphism of 8§) as far as the choice of the point is concerned.
There are at most 2p + 2¢ points, and thus at most (a +2X(r) +2p + 2¢)*?T2¢ choices in total.
Thus, for a given D*, there are (a + p 4 ¢ + A(r)) PP+ possible choices of 2-complexes Cs.

To compute the complex corresponding to a given choice, if necessary, we first refine the
complex Cs by subdividing triangles so that the points Jci , yf , and zf become vertices of the
new complex; this increases its size by O(p + ¢). The 2-complex C3 is obtained from Co by
adding ¢ isolated edges, which takes time O(q) since the endpoints of these edges are now
vertices of the 2-complex. Similarly, €4 is obtained by performing p identifications of vertices,
which also takes time O(p). Finally, C5 is obtained from C4 by replacing the isolated edges
with necklaces, which increases its size by O(c+ p + ¢+ A(r))A(r).

So there are (a + g + b+ ¢+ p+ g + A(r))ClatgtbretptatA) o complexes in T, each of
size O(a+g+b+ (c+p+q+ Ar)A(r)), and the computation of T' takes O((a+g+b+c+
P+ q+ A(r))ClatatbtetprratA() . 5(16(6a + 2g + 3b + 6A(r)))) time.

Finally, we test the embeddability of G2 into each 2-complex in I" using Theorem 2.1,
which takes 2pol(atgtbretptatA(r) . 5(16(6a + 2g + 3b + 6A(r))) - n? time. <

5 Applications: FPT algorithms for diverse crossing number variants

In this section, we demonstrate the wide applicability of our framework (Section 3) to
diverse flavors of crossing number problems under various counting methods and topological
restrictions of the admissible drawings. We first give some general comments. In this
section, 8 denotes a surface and, unless noted otherwise, D denotes the set of drawings
of (possibly non-simple) graphs on 8. For all problems except for the strongly fan-planar
crossing number problem, the boundary components are irrelevant, so we could assume no
boundary without losing generality. We reduce to the (x, \)-CROSSING NUMBER problem
except for the problems in Section 5.4, for which we need to reduce to the more general
MODULATED (k, A)-CROSSING NUMBER problem. In nearly all cases, only good drawings of
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graphs are considered. In all cases, for positive instances, we can compute a representation
of the corresponding drawing, by a straightforward application of Theorem 3.4.

5.1 Variations on the traditional crossing number

k-planar drawings. We recall the well-studied notion of k-planar drawings introduced by
Pach and Téth [38]; these are good drawings in the plane such that every edge is involved in
at most k crossings. For any drawing D, we define k(D) to be the number of crossings in D,
if D is a good k-planar drawing, and k(D) = oo otherwise. The k-planar crossing number, for
any positive integer constant k, is then the smallest value of k(D) over all good drawings D
of G. Note that a graph may have no k-planar drawing at all, and then its k-planar crossing
number is undefined, or oo in our definition. Already for & = 1, deciding the existence
of a 1-planar drawing is NP-hard even for very restricted inputs [8,19]. Furthermore, one
may naturally consider this definition in an arbitrary surface §, which we call the k-surface
crossing number in 8 (due to the lack of an established terminology).

k-quasi-planar and min-k-planar drawings. There are similar concepts of k-quasi-planar [1]
(no k edges pairwise cross) and of min-k-planar [6] (for every two edges with a common
crossing, one carries at most k crossings) good drawings in the plane, which give rise to the
corresponding crossing number flavors in the plane as before, and we may likewise generalize
them to the k-quasi-surface and min-k-surface crossing numbers in a surface §. Though,
one should also note that many authors consider variants of the k-planar, k-quasi-planar,
and min-k-planar drawings for simple graphs only and additionally require the admissible
drawings to be simple. These simple-drawing variants can be very different from the non-
simple ones already on simple graphs; see, e.g., [42, Chapter 7] and [26], but they also
smoothly fit into our framework.

k-gap drawings. Another known concept is that of k-gap crossing number [3,44], minimizing
the number of crossings over k-gap drawings in the plane, where a k-gap drawing of a graph G
is a good drawing D of G admitting a mapping from each crossing in D to one of the two
involved edges such that at most k crossings are mapped to each edge of G. This problem
is NP-hard for k =1 [3]. Again, the k-gap crossing number is naturally generalized to any
surface 8.

Applying our framework. Given an integer r > 0, each of the problems to decide whether
a graph G has k-planar (k-quasi-planar, or min-k-planar) crossing number at most r in the
plane is fixed-parameter tractable in r; see the recent paper by Miinch and Rutter [35] and
the preprint by Hamm, Klute, and Parada [22]. The parameterized complexity of these three
problems in other surfaces, and of the k-gap crossing problem altogether, has not, to our
knowledge, been studied prior to us. Even in the known planar cases, we improve the runtime
of aforementioned works [22,35] from an unspecified FPT time down to explicit 2poly(r) . 2.

» Proposition 5.1. Let k > 1 and r > 0 be integers, 8 a surface with a connected components,
genus g, and b boundary components, and let I € {‘k-surface’, ‘k-quasi-surface’, ‘min-k-
surface’, ‘k-gap’}. The problems to decide whether an input graph G of size n has I1-crossing
number at most r in 8 can be solved in time 2POY(@tIHYET) 02 The same conclusion holds

for the simple-drawing I1-crossing number variants.

Proof. The proof relies on Theorem 3.2 with a single color (¢ = 1). We have to give an
appropriate crossing-counting pair (k, A) for each of the listed properties II, such that x

17



18

A Unified FPT Framework for Crossing Number Problems

il

(a) (b) (c)

Figure 4 (a) A strongly fan-planar drawing. (b) A weakly fan-planar drawing that is not strongly
fan-planar. (¢) A fan-crossing drawing that is not weakly fan-planar.

is efficiently computable, and verify the requirements of Definition 3.1. Let x = xk map
a drawing D to oo if it is not a good drawing or if it violates the property II, and to the
number of crossings of D otherwise. In particular, if k£ is greater than the number of crossings
in D, then D always satisfies II.

Given a drawing D, one may in time polynomial in the size of a representation of D
verify that D is a good drawing satisfying II, and so to compute (D). This is an easy
routine in all cases of II except when II = ‘k-gap’; in the latter case we additionally employ a
standard network flow algorithm to decide the existence of a mapping from the crossings to
their incident edges respecting “capacities” of edges to accept at most k crossings each.

Since we only consider good drawings, (i) = 4 satisfies the assumption of Definition 3.1.
Likewise, it is easy to see that ki is non-increasing under the operations listed in Definition 3.1.
Hence, our conclusion follows by an application of Theorem 3.2 to (km, A) and the graph G.

We now consider the simple-drawing II-crossing number variant. For this case, we need
to restrict the set D to drawings of simple graphs on 8. (Otherwise, the function s could
jump up to co by adding a parallel uncrossed edge, which would intersect twice its twin edge
and thus make the drawing non-simple.) The rest of the argument is identical. <

Fan-crossing and fan-planar drawings. We briefly mention another topic recently introduced
in the graph drawing area [29]. A good drawing is fan-crossing if all edges crossing the same
edge are incident to a common vertex. Miinch and Rutter [35] provide an FPT algorithm
for minimizing the number of crossings over fan-crossing drawings. Restricting further, a
fan-crossing drawing is called weakly fan-planar if, whenever edges f1 and fo with a common
end v both cross an edge e, the (sub)arcs of both fi, fo from v to the crossing with e lie on
the same side of e; and it is called strongly fan-planar if, moreover, in the described situation
of f1, fo both crossing e, the union eU f1 U f5 in the drawing does not enclose both ends of e
(in the plane). We refer to Cheong et al. [9] for a closer discussion, and to Figure 4 for an
illustration.

It is interesting to observe that the property of strong fan-planarity is not invariant under
self-homeomorphisms of the sphere (though it is invariant under self-homeomorphisms of the
plane, or equivalently of a large disk encompassing the whole drawing). In particular, the
drawings in Figure 4(a) and (b) are homeomorphic when seen on the sphere.

The weakly (strongly) fan-planar crossing number is the minimum number of crossings
over all weakly (strongly) fan-planar drawings in the plane. While Miinch and Rutter [35]
leave the question of the parameterized tractability of fan-planar crossing numbers open,
Hamm, Klute, and Parada [22] provide an FPT algorithm for the weakly fan-planar crossing
number. Our framework is capable of including all three variants, namely, also the strongly
fan-planar crossing number, because our framework allows for surfaces with boundary, and
thus can capture the “infinite face” of the drawing:

» Proposition 5.2. Let r > 0 be an integer. The problem to decide whether an input graph
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G of size n has a strongly fan-planar, weakly fan-planar, or fan-crossing drawing with at
most r crossings in the plane can be solved in time 2P°Y(") . 2.

Proof. The proof is very similar to that of Proposition 5.1, specialized to the plane. We only
need to be able to recognize strongly fan-planar, weakly fan-planar, or fan-crossing drawings
in polynomial time, which is not difficult. |

Extensions to arbitrary surfaces are obviously possible.

Drawings which may not be good. To illustrate the applicability of our framework with
crossing number variants that do not necessarily use good drawings, we introduce the following
example. For an integer k > 2, we define the k-intersecting crossing number of a graph G to
be the minimum value ¢ such that there is a decent drawing of G with ¢ intersection points
in which the multiplicity of every intersection point is at most k. Observe that, for every
graph G, the traditional crossing number of G is at most (g) times its k-intersecting crossing
number, and this bound can be tight.
The following is again a straightforward consequence of our framework:

» Proposition 5.3. Let k > 2 and r > 0 be integers, 8 a surface with a connected components,
genus g, and b boundary components. The problem to decide whether an input graph G of size
n has k-intersecting crossing number at most  in 8 can be solved in time 2POY(at+g+bthtr) 2,

Proof. We apply Theorem 3.2 in a setup very similar to the proof of Proposition 5.1; we
only need a different definition of the crossing-counting pair (k,\). Let k(D) = k(D) be
equal to oo if D has an intersection point of multiplicity greater than k, and to the number
of intersection points of D otherwise. Setting A(i) = A (¢) = 2ki, the pair (kg, \i) easily
fulfills Definition 3.1. Hence, our conclusion again follows by an application of Theorem 3.2
to (kk, Ax) and the graph G. <

Note that in this problem it does matter that we allow tangential intersections of edges in our

framework (however, if a restricted version of k-intersecting crossing number which disallows

tangential intersections was considered, our framework would handle it smoothly as well.).
We refer to Section 5.3 for more examples of different methods of counting crossings.

5.2 Crossing problems with colored edges

We now turn our attention to problems in which the colors of intersecting edges play a role.

Joint crossing number and generalizations. As an illustration, we consider the joint
crossing number problem in a surface, introduced by Negami [36]. Consider two disjoint
graphs GG; and G2, both embeddable in a surface 8. The joint crossing number of G; and
G in 8 is the minimum number of crossings over all good drawings D of the union G; U G2
in 8, such that D restricted to each one of G; and G5 is crossing-free. In other words, we
may color the edges of GG red and those of G5 blue, and then admit only red—blue crossings
in the drawings of G; U G2. This problem is NP-hard for any fixed genus g > 6 by Hlinény
and Salazar [27], and the complexity of this problem parameterized by the solution value has
not been studied prior to our work.

It actually appears natural to introduce the following new generalized problem, which
more directly relates to and is obviously at least as hard as the traditional crossing number
problem:
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COLOR-CONSTRAINED CROSSING PROBLEM (IN SURFACE 8)

Input: A colored graph G with colors in {1,...,c}, and a symmetric matrix M of size
¢ X ¢ with nonnegative integer values.

Question: Is there a good colored drawing D of G in 8 such that, for each pair 7,5 € {1,..., ¢},
the number of crossings involving two edges, one colored i and the other j, is at
most M; ;7

» Proposition 5.4. Let 8 be a surface of with a connected components, genus g, and b boundary
components. The COLOR-CONSTRAINED CROSSING PROBLEM in 8 of the input graph G of
size n and matriz M can be solved in time 2POVY(atg+b+r) -n?, where r = Z1gi§j§c M; ;.
Consequently, one can decide whether the joint crossing number of graphs G1 and Ga,
each embeddable in 8, is at most r in time 2POV(atg+b+r) -n3, where ng is the size of G1UGs.

Proof. Without loss of generality, we assume that ¢ < r + 1, since merging the colors
corresponding to empty rows of M will not change the problem. Again, as in the proof
of Proposition 5.1, we have to define an appropriate crossing-counting pair (kas, A). Let
ka (D) be equal (straightforwardly) to the number of crossings in a good drawing D, except
that k(D) = oo if D is not good, or if for some pair 4,j € {1,...,c}, the number of
crossings involving two edges, one colored 7 and the other j, is larger than M; ;. This is easily
computable in polynomial time in the representation of D. Moreover, ), is non-increasing
under the operations listed in Definition 3.1. Letting A(¢) = 44, Theorem 3.2 clearly applies
to (kar, A) and the graph G, and yields the result.

In the case of the joint crossing number problem, for i = 1,2, we use color i for G;, define

G to be the disjoint union of G and G3, let M = (O 8), and apply the previous result. <
r

We remark that [27] also considers a modified variant called homeomorphic joint crossing
number of graphs G7 and G5 in which G; and G5 are given as cellularly embedded in 8, and
the task is to minimize the number of crossings of G; U G2 under an additional condition
that the subdrawings of each of G; and G2 are homeomorphic to the given embeddings. Our
algorithm can also be applied to this variant via a reduction deferred to the Appendix.

Homeomorphic joint crossing number. In the related homeomorphic joint crossing number
problem in an orientable surface 8§ without boundary, the input graphs G; and G, are
cellularly embedded in 8 (every face is homeomorphic to a disk) and the solution must be
composed of embeddings of G; and G» that are each homeomorphic to the input one (the
rotation systems must be the same, possibly up to reversal). Given an integer r > 0, the
goal is to determine whether there is a way to achieve this with at most r crossings between
G1 and Go. The problem is also NP-hard if the genus of 8 is at least six [27]. We prove:

» Proposition 5.5. Let 8§ be an orientable surface of with a connected components, genus g,
and without boundary, and an integer v > 0. The homeomorphic joint crossing number in 8
of the input graphs G1 and Go can be solved in time 2P°Y(@+9+7) .02 “wwhere ng is the size
of G1 U Gs.

The strategy is to reduce the problem to the regular joint crossing number. First, for a
graph H cellularly embedded in an orientable surface 8, let the hardening of H be the graph
H constructed as follows (Figure 5):

For each edge e = wv € E(H), we replace e with two new internally disjoint paths P,

and @, of length three, called the twin paths of e, with the new vertices denoted in such

a way that P, = (u,w}he, w%ye,v) and Q. = (u, wi,e,w}}&, v).
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T > K

Figure 5 The hardening of a graph (fixing the rotation system in an orientable surface).

For each vertex v € V(H) with the cyclic order of adjacent edges (e1,ez,...,¢ep) in
the given embedding in 8, we add the edges of a cycle (the hardening cycle of v) on
(w}),el, 72]761, 11,762, w?),ez, ... ,w11,7ep,w12,76p) in this cyclic order.

In relation to the operation of hardening, we prove the following technical lemma:

» Lemma 5.6. Let H? be the graph constructed from a graph H by replacing each edge with
a pair of parallel edges (called a twin edge pair). If D is a drawing of H? in a surface 8 with
at most 4k crossings (but no self-crossings), then there is a subdrawing D' C D isomorphic to
H, obtained by selecting one edge out of each twin edge pair of H?, with at most k crossings.

Proof. We choose D’ C D by selecting one out of each twin edge pair of H? independently
at random. The probability that a crossing x of D is a crossing in D’ is % . % = % (both
edges of x are selected), and so the expected number of crossings in D’ is i -4k = k and

there has to be a choice of D’ with at most k crossings. |

» Lemma 5.7. Let Gy and G5 be two graphs cellularly embedded in an orientable surface 8,
and let G1 and Gy denote their hardenings. The homeomorphic joint crossing number of G
and Gs in 8 is at most k if and only if the joint crossing number of Gy and Go in 8 is at
most 4k.

Proof. Let G := G1UG5. The ‘=" direction is easy. Assuming D is a drawing of G with at
most k crossings solving the homeomorphic joint crossing number problem of G; and Ga,
one may draw the twin paths of each edge of G closely along this edge in D (and each old
crossing hence generates 4 new crossings), and the hardening cycles of all vertices of G can
be drawn there without crossings thanks to having homeomorphic subdrawings of G; and
G2 in D.

In the ‘<’ direction, let D be a drawing witnessing a solution to the joint crossing number
problem of G; and G5 with at most 4k crossings. We can clearly assume that no edge
self-crosses in D. Restricting to only the subdrawing of D formed by the twin paths of all
edges of G and suppressing degre-2 vertices, we may apply Lemma 5.6 and conclude that
there is a subdrawing D’ C D with at most k crossings which is isomorphic to (a subdivision
of) G. Tt remains to verify that, for i = 1,2, the subdrawing of D’ representing G; (which is
an embedding by the definition of the joint crossing number problem) is homeomorphic to
the given embedding of G;.

It is well known that two cellular embeddings of the same graph in an orientable surface
are homeomorphic (mirror image of the whole embedding allowed) if and only if their
rotation systems are the same. For the embedding of G; represented by D’, this is ensured by
embeddings of the hardening cycles of G; within the solution D. This finishes the proof. <«

Fixing the rotation system. In a similar spirit but more generally, a natural restriction on
crossing number problems is to fix the clockwise cyclic order of edges around each vertex (the
rotation system). The traditional crossing number with rotation system remains NP-hard [41],
and the question of its parameterized complexity (with respect to the number of crossings)
has not been explicitly considered so far.

21



22

A Unified FPT Framework for Crossing Number Problems

Figure 6 The construction of the graph G for the proof of Theorem 5.8, in the case r = 1. (a)
The graph G, with the spanning tree T in thick lines, shown with the desired rotation system. (b)
The graph Gi; its original edges are black, and the new colors red, blue and green are as pictured.
Red edges cannot carry any crossing, and blue-blue and green-green crossings are forbidden. (c) A
valid drawing of the graph G with crossings.

With our framework, we provide an efficient solution to the variant of the COLOR-
CONSTRAINED CROSSING PROBLEM where the input additionally prescribes the cyclic
permutation of the edges around each vertex of G, and give a solution in the plane.

Formally, we introduce the following problem:

COLOR-CONSTRAINED CROSSING PROBLEM WITH ROTATION SYSTEM
Input: A colored graph G with colors in {1, ..., ¢}, a symmetric matrix M of size ¢ X ¢ with
nonnegative integer values, and a system of cyclic permutations (m, HUNS V(G))
where the domain of 7, is the set of edges incident to v in G.
Question: Is there a good colored drawing D of G in the plane such that;
for each pair 4,j € {1,...,c}, the number of crossings in D involving two
edges, one colored ¢ and the other j, is at most M; ;, and

for each vertex v € V(G), the clockwise rotation of edges around v in D is m,?

» Theorem 5.8. The COLOR-CONSTRAINED CROSSING PROBLEM WITH ROTATION SYSTEM
(in the plane) of the input connected graph G of size n, matriz M, and rotation system
(my 1 v € V(G)) can be solved in time 2P0() . 2 here 7 = Di<ici<e M-

We remark that the problem naturally generalizes to orientable surfaces, but the proof is
more complicated, so in this version we only formulate and solve it in the plane.

Proof. We are going to reduce this problem to the ordinary COLOR-CONSTRAINED CROSSING
PROBLEM (with ¢+ 3 colors and a suitable matrix M’), and then apply Proposition 5.4.
For our reduction, we introduce three new colors which we call red, green, and blue.
Recall that a wheel of k spokes is the graph obtained from the cycle Cj by adding a new
vertex adjacent to all vertices of the cycle (called a rim). We modify the given colored graph
G to a colored (including the three new colors) graph G in the following steps; see Figure 6:
We choose any spanning tree T C G (notice that G is assumed connected).
For every vertex v € V(G) we create a new wheel W, of k, spokes where k, = deg(v) +
3 degy(v), assign the color red to all edges of W,,, and fix an orientation of the rim cycle—
deemed clockwise. For each edge e incident with v, we choose a set RS of consecutive
vertices on the rim cycle of W,,, made of four vertices if e € T" and of a single vertex
otherwise, in such a way that these sets R are pairwise disjoint and the clockwise cyclic
order of the terminals on W, agrees with the rotation m,. These wheels will be used to
“fix the rotation” of edges incident to v up to mirror image.
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For every edge e € E(G) we create a new isolated edge €°, called an original edge, which
inherits the color of e from G.

For every edge e € E(T') we create a new graph N, called a 3-chain, as follows. Start with
4r — 1 copies of the wheel of 6 spokes, with all edges red and denoted by N}, ..., Ni—1,
Then, for ¢ = 0,1,...,4r — 1, we make three new edges joining three consecutive rim
vertices of N! (if i > 1, otherwise we leave pendant vertices) to three consecutive rim
vertices of NiT1 (if i + 1 < 4r — 1, otherwise we leave pendant vertices) in such a way
that N, is planar. These three edges get color blue if 7 is even, and green otherwise. The
purpose of the 3-chains will be to “transfer the orientation” from one vertex of G to
another.

Finally, we construct the graph G; by identifying vertices from the previous building
components. For every e = wv € E(G) \ E(T') we identify one end of the original edge e°
with the unique vertex in R? (of the wheel W,,), and the other end with the unique vertex
in RY (of W,). If e = wv € E(T), we assign the four vertices of RY, in clockwise order, to
one endpoint of e® and then to three pendant vertices of one side of V., and assign the
four vertices of RY, in counterclockwise order, to the other endpoint of e® and then to
the three pendant vertices of the other side of N., in such a way that the resulting graph
W. U N UW,, is planar.

Then we define a matrix M’ which extends M as follows; for ¢ = ‘red’ and any j let
M ;= M;,; =0 (red edges cannot be crossed), for i € {‘green’,'blue’} and j € {1,...,c} let
M| ; = M, = 3r,and for i = ‘blue’ and j = ‘green’ let M, ;= M; ;= 0and M ; = M}, = 9r.

We apply Proposition 5.4 to the COLOR-CONSTRAINED CROSSING PROBLEM in the plane
with the input Gy and M’, and prove (in a constructive way) that this modified problem has a
solution if and only if the given instance of COLOR-CONSTRAINED CROSSING PROBLEM WITH
ROTATION SYSTEM with the input G, M and (m, : v € V(G)) has a solution.

(<) First, assume that a colored drawing D of G is a solution of the latter problem. For
every vertex v of D we thus know that the clockwise rotation of edges incident to v agrees
with the specified m,. Let §, be a closed disk centered at v in D such that ¢, is disjoint
from all edges non-incident to v in D and from all intersection points of D. We replace, in
the drawing D, the interior of 4, with an embedding of the wheel W, in ¢, such that, for
each edge e of G incident to v, the vertex of W, that is the end of the original edge e of G
coincides with a point in which the image of e in D intersects the boundary of §, (this is
possible because D respects the cyclic order 7, at v). Doing this for all v € V(G), we turn
D into a drawing Dy of the subgraph of G; formed by the vertex wheels and the original
edges, where Dy has precisely the same set of (colored) crossings as D.

We now turn Dy into a drawing D; of G; by adding images of the 3-chains N, for every
e € E(T). We draw N, in a close neighborhood of the original edge e in Dy such that the
red edges stay uncrossed. For every f € E(G) such that f° crosses €° in Dy, we let f° cross
a selected triple of green or blue edges of N.. Moreover, if f € E(T), we let the same triple
of green (or blue) edges of N, cross a triple of blue (respectively, green) edges of Ny. Since
N, contains (alternately) 2r green triples and 2r blue triples, we can always do the choice
such that the mutually crossing triples of N, and N; are of the opposite colors among blue
and green (even if we have all r crossings as self-crossings of the edge €°).

Every crossing (of e® and f°) in Dq thus contributes in Dy at most 3 crossings of original
edges with a blue or a green edge, and at most 3 -3 = 9 crossings between a green and a blue
edge. There is no green-green and no blue-blue crossing. Thus, the obtained drawing Dy of
GGy is admissible with respect to the constraint matrix M’ defined above.

(=) We now consider a drawing D] of G; in the plane respecting the constraints of M’.
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In particular, no red edge, and so none of the wheels used in the construction of Gy, is
crossed. We may without loss of generality assume that each of the wheels W, for v € V(G)
in D is drawn such that the rest of D is drawn in the face of W, bounded by the rim cycle;
otherwise, we can redraw each of the rim edges closely along the uncrossed spoke edges.

Let D’ be the colored drawing of G obtained from D} by removing all 3-chains and
contracting each wheel W, for v € V(G) into a single vertex. Then D’ immediately satisfies
the crossing constraints of M. Furthermore, for every v € V(G), since W, is uniquely
embeddable in the plane, the clockwise cyclic ordering of the edges around v in D’ is either
7, or its reversal. Thus, there only remains to prove that the orientation (clockwise or
counterclockwise) of all the wheels in D’ is the same.

To prove this, we remark that the subgraph of a 3-chain made of two consecutive wheels
together with the three edges connecting them is 3-connected, and thus has a unique planar
embedding. Since every such subgraph is embedded in D’ (because there are no blue-blue or
green-green crossings), we obtain that consecutive wheels in D’ are either both oriented in
the same way as in the planar embedding of N, or both oriented in the opposite way. Using
this argument 4r times implies that two wheels N,, and IV, are oriented in the same way if u
and v are connected by an edge of T. The result follows since T is a spanning tree of G. <«

5.3 Non-traditional methods of counting crossings

We now look at different problems which do not count the crossings simply “one by one”.

Edge crossing number. Perhaps the most natural problem that fits into this category is the
edge crossing number. The edge crossing number of a graph G is the minimum ¢ such that G
has a good drawing with at most £ edges incident to the crossings in the drawing. Computing
the edge crossing number is NP-hard by Balko et al. [4], and according to Schaefer [43, Section
3.2: Edge crossing number], no FPT algorithm parameterized by the solution size ¢ is known
for it even in the plane.

» Proposition 5.9. Let r > 0 be an integer and 8 be a surface with a components, genus g,
and b boundary components. The problem to decide whether an input graph G of size n has
edge crossing number at most r in 8 can be solved in time 2POW(atatbtr)  p2,

Proof. We define a suitable crossing-counting pair (x, A) for this problem as follows. For a
drawing D in 8, let k(D) be equal to the number £ of edges of D carrying an intersection point
if the total number of intersection points in D is at most (g), and let k(D) = oo otherwise.
We also set A(i) = 4(;) It is again routine to check that (k,A) fulfills all conditions of
Definition 3.1, and that x(D) is computable for a given drawing D in polynomial time.
The last point is to verify that the edge crossing number of a graph G indeed equals
the minimum value ¢ of k(D) over all decent drawings D of Gj it is well known, see, e.g.,
Schaefer [42], that one can turn any good drawing D into a good drawing D’ in which no
two edges cross twice, without introducing new crossed edges, and so having at most (g)

crossings in D’ at the end. Hence, we get from Theorem 3.2 an algorithm running in time
2po|y(a+g+b+r) . n2. <

One can naturally generalize the edge crossing number problem to a color-constrained variant,
and solve it by a straightforward combination of the ideas in the proof of Proposition 5.4
and of the previous proof.



E. Colin de Verdiére and P. Hlinény

Odd and pair crossing numbers. Other examples of applicability include the odd and pair
crossing numbers. The pair crossing number of a graph G is the minimum ¢ such that there
exists a good drawing of GG in which at most ¢ pairs of edges mutually cross. The odd crossing
number of G is similarly defined as the minimum ¢ such that there exists a good drawing D
of G satisfying the following; there are at most ¢ pairs of edges {e, f} in D such that e and
f have an odd number of mutual crossings. While the question whether the pair crossing
number coincides with the traditional crossing number is one of the biggest open problems
in crossing numbers, Pelsmajer, Schaefer, and Stefankovi¢ [40] proved that the odd crossing
number can be lower than the traditional crossing number.

FPT algorithms for the pair and odd crossing numbers parameterized by the solution
value r were given again by Pelsmajer, Schaefer, and Stefankovi¢ [39], with an unspecified
runtime dependence on r; however, because these algorithms are based on an adaptation of
Grohe’s algorithm [20], they are quadratic in the size n of the input and the dependence
on r is at least an exponential tower of height four. We improve over their algorithms by
providing algorithms quadratic in n, too, but with a better dependence in the parameter r:

» Proposition 5.10. Let r > 0 be an integer, and let 11 € {‘pair’, ‘odd’}. The problems to
decide whether an input graph G of size n has I1-crossing number at most r in the plane can
be solved in time 22°"- n2.

The proof crucially builds on the following result by Pelsmajer et al. [39]: If G is of pair
(respectively, odd) crossing number ¢, then there exists a good drawing D of G achieving
this optimum such that the number of crossings in D is at most £2¢ (respectively, 9).

Proof. The approach is analogous to the proof of Proposition 5.9, with the additional
ingredient given by the bounds by Pelsmajer et al. [39]. We define the crossing-counting
pair (k, ) such that k(D) is equal to the II-crossing number ¢ of D, if D is good and D
has at most max(£2¢,9%) crossings in total, and x(D) = oo otherwise. This can clearly be
computed in polynomial time from given D. We correspondingly set \(i) = 4 max(i2¢, 9%),

which together with « fulfills Definition 3.1, thanks to the bounds by Pelsmajer et al. [39].

Hence, an application of Theorem 3.2 gives an algorithm running in time 22°- n2. <
We remark that the same approach would extend to surfaces, assuming some bounds analogous
to those given by Pelsmajer et al. [39].

5.4 Allowing edge removals and vertex splits before drawing

Finally, we consider some crossing number variants that allow the input graph to be simplified
before drawing. The problems of this section reduce to the more complicated MODULATED
(1, A\)-CROSSING NUMBER problem.

Skewness. The skewness of a graph G is the smallest number of edges whose removal from
G leaves a planar graph. The problem to decide whether the skewness of G is at most £ is
NP-complete [32], and a linear-time FPT algorithm with respect to £ in the planar case is

sketched by Kawarabayashi and Reed [30, Conclusion]. We generalize the problem as follows.

COLOR-CONSTRAINED S§-SKEWNESS WITH CROSSINGS

Input: A colored graph G with colors in {1, ..., c}, non-negative integers g, ..., g and .

Question: Can we remove, for each i = 1,..., ¢, at most ¢; edges of color i from G, such
that the resulting graph has crossing number at most r in 87

25



26

A Unified FPT Framework for Crossing Number Problems

» Proposition 5.11. Let 8 be a surface with a connected components, genus g, and b boundary
components. The COLOR-CONSTRAINED S-SKEWNESS WITH CROSSINGS problem for input
graph G of size n and parameter r can be solved in time 2PV atatbtatr) n2 yhere g = >

Proof. Without loss of generality, we assume that ¢ < g + 1, since the colors ¢ with ¢; =0
can be merged into one. We simply define x(D) as the number of crossings in D if D is a
good drawing, and (D) = oo otherwise. We also let A(i) = 4i. Then, setting p = 0, we
apply Theorem 3.3 to get the desired algorithm. |

Splitting number. The minimum integer ¢ such that a graph obtained from the given graph
G by ¢ successive vertex splits is embeddable in the surface 8 is called the splitting number
of G in § [23,28]. This problem is NP-hard [17] already in the plane. Néllenburg et al. [37]
proved that the property of having splitting number at most ¢ is minor-monotone in any
fixed surface, and so 8-splitting number has a nonuniform FPT algorithm parameterized by ¢
using the theory of graph minors. We generalize and improve the latter result to a uniform
FPT algorithm:

» Proposition 5.12. Let p,r > 0 be integers and S be a surface with a connected components,
genus g, and b boundary components. The problem to decide whether an input graph G of

size n _has, after at most p vertex splits, the crossing number at most r in 8 can be solved in
time 2pPoly(at+g+btp+r) 2

Proof. We use the same crossing-counting pair (k,\) as in the proof of Proposition 5.11.
Then, we set ¢ = ... = ¢, = 0 and apply Theorem 3.3 to get the desired algorithm with
respect to given p and 7. |

6 Computing drawings for positive instances: Proof of Theorem 3.4

In this section we prove Theorem 3.4. We need some preliminaries.

A graph embedding on a surface is cellular if all its faces are homeomorphic to open
disks. Cellular graph embeddings can be manipulated through their combinatorial maps.
Algorithmically, refined data structures such as graph encoded maps [31] (see also [15,
Section 2]) are used.

The idea of the proof of Theorem 3.4 is the following. Colin de Verdiére and Magnard [12]
not only gave a decision algorithm for the problem of embedding a graph on a 2-complex
(Theorem 2.1), but for positive instances their algorithm can compute a representation of
an embedding [12, arXiv version, Theorem 9.1]. There remains to turn this embedding
into € into a drawing. The following result is obtained by a careful inspection of the proof of
Theorem 2.1.

» Theorem 6.1 (Colin de Verdiére and Magnard [12, arXiv version, Theorem 9.1]). In
Theorem 2.1, if G has an embedding into C, and C has no edge incident to three triangles and
no isolated vertex, an embedding of G can be computed without overhead in the asymptotic
runtime. In detail, an embedding of a graph H is computed where:
H is obtained from G by augmenting it with at most 2C vertices and at most 3C' + 2u
edges, and performing at most C edge subdivisions, where C is the size of C and u is the
number of connected components of G;
the images of the vertices of H cover the singular points of C;
the restriction of H to the surface part of C is cellular, specified by its combinatorial map,
and by which point is mapped to which singular point of C;
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the restriction of H to the isolated edges of C is specified by the sequence of vertices and
edges of H appearing along each isolated edge of C.
Some comments on this theorem are in order. First, the requirements on the 2-complex € are
satisfied for all 2-complexes considered in this paper. Second, it is necessary to add vertices
to H in order to cover the singular points of C, to add edges in order to make the graph
cellularly embedded on the surface part of C, and to subdivide edges in order to ensure that
edges of the graph are either entirely inside, or entirely outside, the surface part of C.

Proof of Theorem 3.4. Recall from the proof of Theorem 3.3 that if an instance of the
MODULATED (£, A)-CROSSING NUMBER problem is positive, the corresponding graph G’
embeds into at least one 2-complex C5 € T', where G’ has size O(c + p + g + A(r))n) and
Cs has size O(a+ g+ b+ (c+p+ g+ A(r))A(r)). Thus, the size of the graph H obtained
from Theorem 6.1 is that of G times a polynomial in a + g+ b+ c+p+ g+ A(r).

The proof basically follows the same steps as the proof of Lemma 4.2. First, up to
modifying the embedding, we can assume that each necklace of Cj is either not used at all,
or used by a necklace of H of the same type. We thus have an embedding of a subgraph H;
of H (a supergraph of Gy, in which some edges may be subdivided) in such a way that each
isolated edge of €4 coincides with an edge of GG; of the same color, or is not used at all.

In a second step, we perform the vertex splits as described in the proof of Lemma 4.2,
resulting in an embedding in C3 of a graph H” obtained from H; by at most p vertex splits.
A minor detail: In the case where a singular point z;, i € S, contains a point in the relative
interior of an edge e = u of H, the proof of Lemma 4.2 performs a split of one of its vertices,
say v, as prescribed, by replacing uv with uv’ where v’ is a new vertex and shrinking uv’
without moving u so that in the new embedding, uv’ does not contain any singular point
of €4 in its interior. In order to keep the graph cellular on the surface part, we cannot remove
the edges on the surface part of the complex during this process, but now mark them as
extra edges.

In a third step, we remove the edges of the graph H” using edges in C3\ C3. The resulting
graph H', embedded into s, is a supergraph, possibly subdivided, of a graph G’ obtained
from G by at most p vertex splits and by removing, for each ¢, at most ¢; edges of color 1.
Moreover, again, each isolated of Gy of color ¢ coincides with an edge of G’ of color 4, or is
not used at all.

This embedding of H’ in € turns into a an embedding, in 8, of a graph H obtained from
a drawing D’ of G’ satisfying x(D’) < r by the following steps:

1. for each crossing point between two edges e and ¢’ of G, subdivide e and ¢’ and identify

the two new vertices together (the new vertex corresponds to the crossing between e

and e');

2. take a supergraph of the resulting graph by subdividing edges and by adding vertices and

edges, increasing the size by a factor that is at most polynomial in a+b+g+c+p—+q+A(r).

The graph H is specified by its combinatorial map. If necessary, we push the image of G’
away from the boundary of 8, by adding more vertices and edges (at most doubling the size
of the graph). Then we triangulate each face of H. We obtain a representation (7, W) of
the graph G’ of size n times a polynomial in a+b+ g+ c+p+ g+ A(r). |

7 Conclusions

Summary. Obviously, Theorem 3.3 allows for almost endless possibilities of combining
drawing restrictions and methods of counting crossings, analogously to what we have done in
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Section 5. One can, for instance, combine bounded vertex splitting with (color-constrained)
edge removal and counting the (again color-constrained, and possibly with an orthogonal
color set) crossings, and all together combined with topological restrictions of admissible
drawings. This shows the versatility of our approach. Altogether, our general framework
encompasses most existing crossing number variations, and even more general ones, implying,
in a unified way, fixed-parameter tractable algorithms for these crossing number problems in
any surface.

Limitations. There exist, however, some intrinsic limitations in our approach. First, it is
capable of handling only crossing number flavors in which the value of k(D) of a drawing
D functionally bounds the total number of intersection points in D (at least in some of
the optimal instances of the drawing, if not in all). A typical example not fulfilling this
requirement is the (para-NP-hard) local crossing number [43, Section 3.2: Local crossing
number], defined as the smallest k for which the graph admits a k-planar drawing. Second,
since the value of k is not allowed to grow when deleting vertices and edges from D (by
Definition 3.1), we cannot handle flavors that require certain additional edges or vertices to
be present in local crossing patterns. An example of this are the k™ -real face drawings [5],
which require every face of a drawing D to be incident to at least k vertices of the graph (in
addition to incident crossings), or the maximal 1-planar drawings.

Another weakness of the approach, in particular compared to Hamm and Hlinény [21]
and to the very recent preprint by Hamm, Klute, and Parada [22], is our more limited ability
to handle predrawn parts of the input graphs, essentially restricted to only fixing uncrossable
parts of the graph via rigid subembeddings and to special restrictions like the fixed rotation
system. Fixing subdrawings of large parts of the input graph that can be crossed by other
edges in the solution currently seems out of reach with our techniques.

Remarks and possible extensions. We now provide some remarks and possible extensions
of our framework. First, we used surfaces with boundary in a non-trivial way only at one
place, namely, to study strongly fan-planar drawings. We believe that boundaries can be
useful, though, because they allow us to pinpoint specific parts of the surface. Actually, in
our arguments, we considered drawings up to homeomorphism of the surface 8, without any
special restriction. As a variation, we could require that our homeomorphisms map each of
the b boundary components to itself. Our arguments carry through; this only affects the
running time by a b! factor (see Lemma 4.4).

A possible extension of the (MODULATED) (k, A)-CROSSING NUMBER problem that we
have not considered would be to replace the surface 8 with an arbitrary 2-complex. We leave
open whether such an extension is possible, and also potential applications of this generalized
result.
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